FUZZY PHYSICS 

Badis Ydri^ 

Physics Department , Syracuse University 
Syracuse , N.Y , 13244-1130 , U.S.A 

February 1, 2008 



Email: ydri@physics.syr.edu 



Fuzzy Physics 



by 



BADIS YDRI 

M. Sc. Physics Department, Syracuse University, Syracuse, NY, 2000. 



DISSERTATION 



Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy in Physics 
in the Graduate School of Syracuse University 

Friday 21 of September 2001 



ADVISOR 



Professor A. P. BALACHANDRAN 



Abstract 



Regularization of quantum field theories (QFT's) can be achieved by quantiz- 
ing the underlying manifold (spacetime or spatial slice) thereby replacing it 
by a non- commutative matrix model or a "fuzzy manifold" . Such discretiza- 
tion by quantization is remarkably successful in preserving symmetries and 
topological features , and altogether overcoming the fermion-doubling prob- 
lem . In this thesis, the fuzzification of coadjoint orbits and their QFT's are 
put forward. 
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Chapter 1 
Introduction 



We can find very few fundamental physical models which are amenable to 
exact treatment. Approximation methods such as perturbation theory and 
the expansion remain crucial tools in analyzing different physical sys- 
tems . Perturbation theory for example is extremly successful in the case of 
QED and the 1/N expansion turns out to be a very reliable one for matrix 
models and large gauge theories. These different approximation schemes are 
undoubtedly a part of our physics culture. 

Among the important approximation methods for quantum field theories 
(QFT's) are strong coupling methods of lattice gauge theories (LGT's) which 
are based on lattice discretisation of the underlying spacetime or perhaps its 
time-slice. They are among the rare effective approaches for the study of 
confinement in QCD and for the non-perturbative regularization of QFT's. 
They enjoyed much popularity in their early days and have retained their 
good reputation for addressing certain fundamental problems . 

One feature of naive lattice discretisations however can be criticised. They 
do not retain the symmetries of the exact theory except in some rough sense. 
A related feature is that topology and differential geometry of the underlying 
manifolds are treated only indirectly, by limiting the couplings to "nearest 
neighbours". Thus lattice points are generally manipulated like a trivial 
topological set, with a point being both open and closed. The upshot is that 
these models have no rigorous representation of topological defects and lumps 
like vortices, solitons and monopoles. The complexities in the ingenious 
solutions for the discrete QCD 6'-term [|l| illustrate such limitations. There do 
exist radical attempts to overcome these limitations using partially ordered 
sets 0, but their potentials are yet to be adequately studied. 
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A new approach to discretisation, inspired by non-commutative geometry 
(NCG), is being developed since a few years [|, |, |, |, 0, |, |, |10|, |12|, |T|, 
p^ . The key remark here is that when the underlying spacetime or spatial 
cut can be treated as a phase space and quantized, with a parameter h 
assuming the role of h, the emergent quantum space is fuzzy, and the number 
of independent states per ("classical") unit volume becomes finite. We have 
known this result after Planck and Bose introduced such an unltraviolet cut- 
off and quantum physics later justified it. "Fuzzified" compact manifolds are 
ultraviolet finite and support only finitely many independent states. Their 
continuum limits are the semiclassical h ^ limits. This unconventional 
dicretization of classical topology is not at all equivalent to the naive one, 
and we shall see that it does significantly overcome the previous criticisms . 

There are other reasons also to pay attention to fuzzy spaces, be they 
spacetimes or spatial cuts. There is much interest among string theorists 
in matrix models and in describing D-branes using matrices. Fuzzy spaces 
lead to matrix models too and their ability to reflect topology better than 
elsewhere should therefore evoke our curiosity. They let us devise new sorts 
of discrete models and are interesting from that perspective. In addition, it 
has now been discovered that when open strings end on D-branes which are 
symplectic manifolds, then the branes can [|l^] become fuzzy, in this way one 
comes across fuzzy tori, CP^ and many such spaces in string physics. 

The central idea behind fuzzy spaces is discretisation by quantization. 
It relies on the existence of a suitable Lagrangian and therefore it does not 
always work. An obvious limitation is that the parent manifold has to be 
even dimensional. (See however ref. fl^ for fuzzyfying RP^ /Z2 and other 
non-symplectic manifolds, even or odd). If it is not, it has no chance of 
being a phase space. But that is not all. Successful use of fuzzy spaces for 
QFT's requires good fuzzy versions of the Laplacian, Dirac equation, chirality 
operator and so forth, and their incorporation can make the entire enterprise 
complicated. The torus is compact, admits a symplectic structure and 
on quantization becomes fuzzy, or a non-commutative torus. It supports a 
finite number of states if the symplectic form satisfies the Dirac quantization 
condition. But it is impossible to introduce suitable derivations without 
escalating the formalism to infinite dimensions [^, |T^ . 

But we do find a family of classical manifolds elegantly escaping these 
limitations. They are the co-adjoint orbits of Lie groups. For semi-simple 
Lie groups, they are the same as adjoint orbits. It is a theorem that these 
orbits are symplectic |T^. They can often be quantized when the symplectic 
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forms satisfy the Dirac quantization condition. The resultant fuzzy spaces 
are described by hnear operators on irreducible representations (IRR's) of 
the group. For compact orbits, the latter are finite-dimensional. In addition, 
the elements of the Lie algebra define natural derivations, and that helps to 
find Laplacian and the Dirac operator. We can even define chirality with no 
fermion doubling and represent monopoles and instantons (See |, |^, |^ 

and the first 3 papers in IT^). These orbits therefore are altogether well- 
adapted for QFT's. 

Let us give examples of these orbits: 

• S^: This is the orbit of SU{2) through the Pauli matrix or any of 
its multiples I {I ^ 0). It is the set {lga^g~^ : g G SU{2)}. The 
symplectic form is I d cos d/\d(j) with 6*, cj) being the usual 5^ coordinates, 
|T^. Quantization gives the spin / SU(2) representations . This case 



will be treated in the third and the fourth chapters of this thesis . 

• CP^: CP^ is of particular interest being of dimension 4. It is the 
orbit of S'f/(3) through the hypercharge F = 1/3 diag(l, 1, —2) (or its 
multiples) : 

CV^ = {gYg-^ : g e SU{^)}. (1.1) 

The associated representations are symmetric products of 3's or 3's. 
(See chapter 5). 

• S't/(3)/[f/(l) X f/(l)]: This 6-dimensional manifold is the orbit of S'f/(3) 
through A3 = diag(l, —1, 0) and its multiples. These orbits give all the 
IRR's containing a zero hypercharge state. 

A general class of coadjoint orbits is given by the higher dimensional CP^ 
spaces defined by 

CP^ = SU{N + l)/f/(iV) = {gY^^'+^'^g-^- geSU{N + 1)}. (1.2) 

They are clearly , from this definition , orbits of SU {N + 1) through the 
"hypercharge" like operators 

Y(^-^^) = -L-dtag{l,l,...,-N). (1.3) 

For = 1 we obtain F^^) = ^nd CP^ ~ . For = 2 , on the other 
hand , we have Y^^^ = Y . From the above definition it is also obvious that 
the stability group of the hypercharge operator is simply the group 

U{N) = {heSU{N+l) : hY^^+^^h-^ = . 
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1.1 Fuzzy Spaces 



1.1.1 The case of 

As we mentioned earlier the fuzzification of the above CP^'s is the process 
of their discretisation by quantization . One would like to explain in this 
introduction this concept , which is central to this thesis , for the simplest 
of all the CP^'s , namely the case of the sphere . To this end we will go 
into some details of the fuzzification of . The method and the results are 
generic to all other CP^'s . 

The starting point is the Wess-Zumino term defined by 

L = Kirr{a:,g-^)-geSU{2), (1.4) 

whre A is , as of yet , an undetermined real number . 

As it was shown in , this Lagrangian arises generally when one tries to 
avoid the singularities^ of the phase space . In such cases a global Lagrangian 
can not be found by a simple Legendre transformation of the Hamiltonian and 
therefore one needs to enlarge the configuration space . A global Lagrangian 
over this new extended configuration space can then be shown to exist and 
it turns out to contain ( |1.4D as a very central piece . Basically ( |1.4| ) reflects 
the constraints imposed on the system . 

One example which was treated in [|l^ with great detail is the case of a 
particle with a fixed spin . For a free particle one knows that the Lagrangian 
is given simply by the expression L = . However if the particle is 

constrained to have a fixed spin given by S"^ = then the phase space will 
be eight dimensional defined by {x,p,Q, P} , where Q and P describes the 
two independent spin degrees of freedom of the particle . Clearly Q and 
P can not be smooth functions of S , they must show a singularity for at 
least one value of S . Indeed , if they were smooth functions of S , there 
would have been no difference between this particle and the free particle with 
arbitrary spin . To overcome this difficulty one can enlarge the configuration 
space from to H^xSU{2) over which the Lagrangian is now given by 

L = +MTr{a^g^^g) . The quantization of this sytem will fix the number 
A appropriately . In the Dirac quantization scheme it is fixed to be of the 
form ±^j{j + 1) where j = 0, 1/2, 1, .. . In the Gupta-Bleuler quantization 

^In other words when one tries to find a smooth global system of canonical coordinates 
for the phase space . See below and section 4.1.1 for specific examples. 
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approach , on the other hand , A is fixed to be ±j . Another example for 
which the above term plays a central role is the system of a charged particle 
in the field of a magnetic monopole . 

One now defines the sphere = {xgR^; J2l=i ^1 = P^} by the Hopf 
fibration 

TT : SU{2) — y 

g — > P9(T39'^ = x.a 

= j^xl (1.5) 

Clearly the structure group , f/(l), of the principal fiber bundle 

f/(l) — >SU{2) — ^S^ (1.6) 

leaves the base point x invariant in the sense that all the elements gexp{ia36/2) 
of SU (2) are projected onto the same point x on the base manifold . One 
can then identify the point xgS^ with the equivalence class 



[gexpitas9/2)]eSUi2)/Uil). (1.7) 



Let us now turn to the quantization of the Lagrangian (|1.4| ) . First 
we parametrize the group element g by the set of variables (^i,^2;^3)- The 
conjugate momenta tTj are given by the equations = §^ = ^'i'Tr{azg~^^)- 

and TTj will satisfy as usual the standard Poisson brackets : = 
{vTi, vTj} = and {^i, iXj} = 6ij. 

A change in the local coordinates, ^ — *■/(£), which is defined by g{f{e)) = 
exp{ieif)g{^) will lead to the identity ^Nij{^) = i^g{Cj , where Nij{i) = 

^|^L=o • The modified conjugate momenta , ti , which are given by 

ti = -TTjNji = —Xi, (1.8) 

p 

will then satify the interesting Poisson's brackets 

{U,9} = ^^9 
{U,9 } = -W Y 

(1.9) 
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Putting equation ( |1.8| ) in the last of the equations ( |1.9| ) , one can derive the 
following nice result , {xi,Xj} = j^eij^Xk , which is the first indication that 
we are going to get a fuzzy sphere under quantization . The classical sphere 
would correspond to A — ^oc . 

However , a more precise treatment would have to start by viewing equa- 
tions, (|1.8| ), as a set of constraints rather than a set of identities on the phase 
space {^i,ti) . In other words the functions , Pi = ti — , do not vanish 
identically on the phase space {(^j, tj)} . However , their zeros will define the 
physical phase space as a submanifold of {{^i,ti)} . To see that the Pj's are 
not the zero functions on the phase space , one can simply compute the Pois- 
son brackets {Pj, Pj} . The answer turns out to be {Pi, Pj} = eijk{Pk — ^Xk) 
which clearly does not vanish on the surface Pj = . So the Pj's should 
only be set to zero after the evaluation of all Poisson brackets . This fact 
will be denoted by setting Pj to be weakly zero, i.e 

Pi ^ 0. (1.10) 



Equations (|1.1CI| ) provide the primary constraints of the system . The sec- 



ondary constraints of the system are obtained from the consistency conditions 
{Pj, H} ^ 0, where H is the Hamiltonian of the system . Since H is given by 
H = ViPi where Vi are Lagrange multipliers , the requirement {Pj, H} ^ 
will lead to no extra constraints on the system . It will only put conditions 
on the f 's |1^ . 



From equations , ( |1.9|) , it is obvious that ti are generators of the left action 
of SU (2) on itself . A right action can also be defined by the generators 



tf = -UR,,{g), (1.11) 

where Rij{g) define the standard SU{2) adjoint representation : Rij{g)ai = 
gajg~^. These right generators satisfy the following Poisson brackets 

{tf,^/} = -tg^ 
{tf , t^} = ^ijktk- 



;i.i2) 



^Actually any function g on the phase space (^j, ti) for which the Poisson bracket {g, Pj} 
does not vanish on the surface Pj = wiU define a canonical transformation which takes 
any point of this surface out of it . 
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In terms of , tf , the constraints , ( I.IU ), will then take the simpler form 

tf ^ -A53., (1.13) 

These constraints are divided into one independent first class constraint and 
two independent second class constraints . tf ^ —A is first class because on 
the surface defined by (|1.13| ) , one have {tf , tf } = for all i . It corresponds 



to the fact that the Lagrangian ( |1.4D is weakly invariant under the gauge 
transformations g — >gexp{ia3^) , namely L — — A9 . The two remaining 
constraints , tf ~ and are second class . They can be converted 

to a set of first class constraints by taking the complex combinations = 
ti±it2 ~ . We would then have {t^,t^} = =F^^± and therefore all the 
Poisson brackets {t^,t^} vanish on the surface ( |1.13| ) . 



Let us now construct the physical wave functions of the system de- 
scribed by the Lagrangian ( p. .41 ) . One starts with the space F of com- 
plex valued functions on SU{2) with a scalar product defined by {ipi,ip2) = 
/s!7(2) '^/^(fi')V'i(fi')*'^2(fi') , where dfi stands for the Haar measure on SU{2) . 
The physical wave functions are elements of F which are also subjected to 
the constraints ( |1.13|) . They span a subspace H of F . For A < 0, one 



must then have 



t^V = (1.14) 

In other words transforms as the highest weight state of the spin / = |A| 
representation of the SU{2) group . |A| is now being quantized to be either 
an integer or a half integer number . The physical wave functions are then 
linear combinations of the form 

^{g) = ^2 C^n< lm\D\g)\ll >, |A| = I, (1.15) 

m=—l 

where D\g) is the spin / representation of the element g of SU{2) . 

Clearly the left action of SU{2) on g will rotate the index m in such a 
way that , < lm\D\g)\U > , transform as a basis for the Hilbert space of 
the (2/ + 1)— dimensional irreducible representation I = |A| of SU{2) . Under 



■^If A was positive the second equation of , ( 1.14 ) , should be replaced by t^ip — , 
and ip would have then been the lowest weight state of the spin I = A representation of 
the SU{2) group. 
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the right action of SU{2) on g , the matrix element < l'm\D\g)\ll > , will 
however transform as the heighest weight state / =|A|,m = |A|of SU{2) . 

Observables of the system will be functions , f{Li) = f{Li,L2,L^) , of 
the quantum operators Li which are associated with . These functions 
are the only objects which will have , by construction^, weakly zero Poisson 
brackets with the constraints ( |1.13|) . These observables are linear operators 
which act on the left of ip{g) by left translation , namely 

[^Um=[j^^{e-^'^'g)i^, (1-16) 

The operators f{Li) can be represented by {21 + l)x(2/ + 1) matrices of the 
form 

f{U) = a^u...,^M■■■L^,. (LIT) 

The operators Li form , by definition , a complete set of SU (2) generators , 
namely they satisfy [Li, Lj] = ieijkL^ and L^ = l{l + 1). On the other hand , 
the summation in ( |1.17] ) will clearly terminate because the dimension of the 
space of all (2/ + l)x(2/ + 1) matrices is finite equal to {21 + 1)^ . 

In a sense the Lj's provide the fuzzy coordinate functions on the fuzzy 
sphere Sp . Fuzzy points are defined by the eigenvalues of the operators , 
LjQ , whereas fuzzy functions are given by ( |1 . 1 7| ) . 

The fuzzy sphere S|n is essentially the algebra A of all functions of the 
form (|1.17|) . More precisely Sp is defined by the K — cycle (A, H, D, T) 



where H is the Hilbert space spanned by the physical wave functions 
1.15| ). We leave the detailed construction of the Dirac operator D and of 



the chirality operator T to the third chapter of this thesis . A short discussion 
of D and F is however given latter in this introduction . 

The last thing one would like to mention concerning the Wess-Zumino 
term , ( |1.4| ) , is its relation to the symplectic structure on . The first 
claim is the fact that the symplectic two-form , eijknkdniAdrij , on can be 
rewritten in the form 



UJ = Aid 
A 



2p 



Tra^g{a,t) ^dg{a,t) 

"^^ijk-^kdXi/Xdx j 



^This is because , by definition , left and right actions of SU (2) commute . 

^Tlie fact that these operators can not be diagonaHsed simultaneously is a reflection of 



the fact that fuzzy points can not be localized 
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= Kdcos9/\d(f). 



(1.18) 



t in ( |1.1^ ) , is as usual the time variable which goes , say , from ti to ^2 • 
a in the other hand is a new extra parameter which is chosen to take value 
in the range [0,1] . By definition (7(1, t) = g{t) and n{l,t) = n{t) . If one 
defines the triangle A in the plane (t, o") by its boundaries dAi = (cr, ti) , 
(9A2 = {cr,t2) and dA^ = (l,t), then it is a trivial exercise to show that 



r rt2 rl 

Swz = ^ = Ldt+M I daTra^ 
J A Jti Jo 



gypM) -Q^{(^,ti)-g{(7,t2) ^(^'^2) 

a-19) 

The equations of motion derived from this action are precisely those obtained 
from the Wess-Zumino term ( |1.4| ) . This is obvious from the fact that the 
second term of (|3.53|) , will not contribute to the equations of motion because 
it involves the fixed initial and final times , where g is not varied . 



1.1.2 Higher Coadjoint Orbits 

The above described procedure can be applied , virtually with no modifi- 
cations, to fuzzify any coadjoint orbit . It will be explained once more in 
some detail for the case of CP^ (see chapter 5) . The main ingredient in this 
activity is the symplectic structure which does exist on any coadjoint orbit . 
This will be explained briefiy now . 

Coadjoint orbits of a compact simple Lie group G are defined by the 
adjoint action of G on its Lie algebra Q . The orbit through any element 
K&Q is defined by {gKg~^] gEG} . One can prove that these orbits are even 
dimensional and that they admit G— invariant symplectic two forms u . The 
proof goes as follows . If the stability group , H , of K is generated by the 
elements of Q , then the components of the symplectic two-form uj can be 
defined by 

iu{Sa, St){K) = TrK[Sa, S,] = u^biK) (1.20) 

where Sa generate the orthogonal complement of H. From the definition 
(|1.20| ), it is clear that the matrix [uj] = {utab) is antisymmetric and therefore 
[uY = —[^^]- One can also show that the only solution to the equation 
'^ab^'' = = is = 0, in other words [u] is a nondegenerate matrix 

and therefore the determinat must be non zero . Using now the following 
identity , c?et[ti;] = det[uY = det — [u] = {—lYdet[uj] , one trivially deduce 
that the dimension of the tangent space at the point K of the orbit , which 



14 



is generated by the SaS , is even dimensional and hence the orbit itself is 
even dimensional . 

At the point gKg^^ of the orbit , the tangent space is spanned by Xa = 
gSaQ^^ and therefore the symplectic structure is given by 

u;{X,,X,){gKg-') = TrgKg-'[X,, X,], (1.21) 

It is easily shown that Lj{Xa, Xi,){gKg~^) = Lj{Sa, Sb){K) which establishs 
the invariance of ( |1.2U| ) under the action of the group G . 



The uJab{K) define actually a closed two- form u given by 



uj = d 



iKTrKg-^dg 



;i.22) 



To show this result one first remarks that the quantity , g~^dg , is in the Lie 
algebra Q and therefore it can be expressed as g^^dg = rjiTi + ^aSa ■ The 
above two-form (|1.22|) can then be rewritten in the form 



u = -'-Uab{K)^a A ^b, (1.23) 

where we have used the identities TrK[Ti, Tj] = and TrK[Ti, Sa] = which 
are consequences of the fact that the Tj's generate the stability group of K . 
From (|1.23|) it is a trivial result that du = . 



The quantization of the coadjoint orbit G/H = {gKg^^} is equivalent 
to the quantization of the above closed two-form (|1.22|) , in other words a 
constraints analysis of the Wess-Zumino term 

L = iATrKg~^g, (1.24) 

like we did in the case of S^. 



1.2 Fuzzy Physics 

The remainder of this chapter will be a short , self-contained description of 
the main results of this thesis . 

In order to be able to do physics on fuzzy spaces one needs to have a 
Dirac operator. On even dimensional spaces , the Dirac operator together 
with the chirality operator define all the differential structure of the space . 
More precisely the Dirac operator , as we will see in the next chapter , gives 
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essentially the metric aspects of the space . On odd dimensional manifolds 
there are no chirality operators and we are only left with the Dirac operators 
to decribe their differential structures . 

In chapter 3 we will derive the Dirac operator on fuzzy Sp starting from 
the Dirac operator on classical . Chapter 5 contains an alternative deriva- 
tion for the Dirac operator on CP^ which is readily generalizable to higher 
coadjoint orbits. In here we will briefly sketch the results of chapter 3 for 
S'jp, so that one can immediately see their applications in the context of the 
two following selected examples , a) fuzzy monopoles wave functions (or bun- 
dles) and their winding numbers , b) and the remarkable absence of fermion 
doubling on fuzzy S|.. A full treatement of these topics is given in chapter 4 
which also contains a construction of fuzzy sigma fields and fuzzy solitons on 
S|.. Fuzzy dynamics and continuum limits of such models are also discussed 
in chapter 4. 

The last example discussed in this introduction is the construction of 
fuzzy sections of spinor bundle on fuzzy S|. . This example together with 
the above fuzzy monopoles case will provide two concrete examples of the 
equivalence between projective modules and sections of vector bundles and 
their fuzzification [see below for more explanation] . The case of fuzzy sections 
of vector bundles will also offer a good example of the use of star products in 
noncommutative geometry and fuzzy physics . All of these issues are further 
expanded in chapter 5 of this thesis . 

1.2.1 Fuzzy Differential Structure 

Viewing as a submanifold of , one can check the following basic identity 

V2^V3\r=p+—. (1.25) 

p 

[For an explicit derivation of the above formula see section 3.1.3] . 'j^ = aa, 
a = 1,2,3 , are the fiat gamma matrices in 3— dimensions . T>2 , T)^ are 
the Dirac operators on and respectively . 'D'i\r=p is the restriction of 
the Dirac operator on R'^ to the sphere r — p , where p is the radius of the 
sphere , namely J2a=ixl = p^ for any xeS^ . The Clifford algebra on 
is two dimensional and therefore at each point n = x/p one has only two 
independents gamma matrices , they can be taken to be 7^ and 7^ . 7^ 
should then be identified with the chirality operator 7 = B.n on . 
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Next by using the canonical Dirac operator = —iaada in ( 1.25 ) one 



can derive the two following equivalent expressions for the Dirac operator 
on S2 : 

= -{aC + 1) 
P 

'D2U1 = --eijkCTirijJk. (1-26) 

[see section 3.1.4 for full details] . Ck = —i^kijXidj is the orbital angular 
momentum and J'k = Ck + ^ is the total angular momentum . g and w in 
(|1.26| ) stands for Grosse-Klimcik-Presnajder and Watamuras Dirac operators 
respectively . It is not difficult to check that = i^T>2g = T>2,\r=p+^ which 
means that T>2w and I^2g are related by a unitary transformation and therefore 
are equivalent . The spectrum of these Dirac operators is trivially derived to 
be given by ±-(j + \) where j is the eigenvalue of J , i.e J"^ = j{j + 1) and 
i = 1/2,3/2,..'. 

As we have already shown in the first part of the introduction , transition 
from to the fuzzy sphere S|n can be achieved by the replacement n — = 
— where L/" , z = 1, 2, 3 , are the generators of the IRR / of SU(2) , i.e 

[Lf , Lj] = ieijkLj^ ■ The fuzzy sphere is defined to be the algebra A of 
{21 + l)x(2/ + 1) matrices of the form ( |1.17 ). By definition act on the 



left of the algebra A , namely Lff = Lif for any /gA . The fuzzy versions 
of the Dirac operators (|1.26| ) are then 

D2g = ^{a.adL + 1) 

D2w = -eijk(TinfL^. (1.27) 



adL = — is the fuzzy derivation which annihilates the identity matrix 
in A as the classical derivation C annihilates the constant function in A . 
—L^ are the generators of the IRR / of SU (2) which act on the right of the 
algebra A , i.e —Lff = —fLi for any /gA . From this definition one can 
see that adLi provide the generators of the adjoint action of SU{2) on A , 
namely adL{f) = [L, f] for any /gA . 

These two fuzzy Dirac operators are not unitarily equivalent anymore . 
This can be checked by computing their spectra . The spectrum of D2g is 
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exactly that of the continuum only cut-off at the top total angular momentum 
j = 2/ + i . In other words the spectrum of is equal to {±^(j + |) , j = 
|, |, ...21 — i} and -D2g(j) = p(j + 1) J = 2/ + 1 . The spectrum of is , 
however , highly deformed as compared to the continuum spectrum especially 

for large values of j . It is given by D2w{j) = ± ^ ( j + 1 ) ^ 1 + • From 

these results it is obvious that is superior to as an approximation 
to the continuum . 

In the same way one can find the fuzzy chirality operator F by the simple 
replacement n — in 7 = a.n and insisting on the result to have the 
following properties : l)r^ = 1 , r+ = F and [F, /] = for all /gA . One 
then finds 

r = ^(-aL^ + i). (1.28) 

[see section 3.2.4 for explicit calculations] . Interestingly enough this fuzzy 
chirality operator anticommutes with 'D2W and not with Y)2g so 'D2W is a 
better approximation to the continuum than D2g from this respect . This is 
also clear from the spectra above , in the spectrum of D2g the top angular 
momentum is not paired to anything and therefore D2g does not admit a 
chirality operator . A question then arises naturally , with which Dirac 
operator should we approximate the continuum? An answer to this question 
will be given below when we discuss chiral fermions on S^^ . 

1.2.2 Fuzzy Non- Trivial Gauge Configurations 

Monopoles are one of the most fundamental non-trivial configurations in field 
theory. The wave functions of a particle of charge q in the field of a monopole 
g , which is at rest at r = , are known to be given by the expansion |T^ 

V'^^Hr,^/) =Eci(0 < J,H^^'H^?)|J,-Y >, (1-29) 

where D'^^'^ : g — >D^^\g) is the j IRR of gESU{2) . The integer N is related 
to q and g by the Dirac quantization condition : A = |^ . r is the radial 
coordinate of the relative position x of the system , the angular variables of 
X are defined through the element gESU{2) by r.n = gT^g~^ = xjr . It is 
also a known result that the precise mathematical structure underlying this 
physical system is that of a f/(l) principal fiber bundle SU{2) — >S^. In other 
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words for a fixed r = p, the particle q moves on a sphere and its wave 
functions ( |1.29| ) are precisely elements of r(S^, S'?7(2)) , namely sections of 



a U{1) bundle over . They have the equivariance property 

^W(p,^,e^^^) = e-^f^(^)(p,^;), (1.30) 

i.e they are not really functions on but rather functions on SU (2) because 
they clearly depend on the specific point on the U{1) fiber . In this introduc- 
tion , we will only consider the case = ±1 . The case |A^|7^1 being similar 
and will be treated in great detail in chapter 4 . 

An alternative description of monopoles can be given in terms of K-theory 
and projective modules . It is based on the Serre-Swan's theorem [0, |2^ 
which states that there is a complete equivalence between vector bundles over 
a compact manifold M and projective modules over the algebra C(M) of 
smooth functions on M . Projective modules are constructed from C(M)" = 
C(M)®C" where n is some integer by the application of a certain projector 
p in A^„(C(M)) , i.e the algebra of nxn matrices with entries in C(M) . 
In our case M = and C(M) = A = the algebra of smooth functions on 
. For a monopole system with winding number = ±1 , the appropriate 
projective module will be constructed from A"^ = ^®C^ . It is V^'^^^A'^ 
where p(='=^) is the projector 

It is clearly an element of M2{A) and satisfies = and = 

-pCii) 'p(='=i)^2 (jggj-ii^gs a monopole system with A^ = ±1 as one can directly 
check by computing its winding number as follows 

± 1 = — / TrV^^^UV^^^^ AdV^^^l (1.32) 

On the contrary to the space of sections r(S^, SU{2)) , elements of V^'^^^A^ 
are by construction invariant under the action g — >gexp{i9'^) . The other 
advantage of V'^^^^A? as compared to r(S^, SU{2)) is the fact that its fuzzi- 
fication is much more straight forward . The fuzzification of the space of 
sections r(S^, 5'[/(2)) will be the subject of the last example of this intro- 
duction . 

Before we start the fuzzification of V^^^^A? , let us first comment on the 
relation between the wave functions if)'^^^^ given in equation ( 1.29 ) and those 
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belonging to V^'^^^A'^ . The projector can be rewritten as = 

i5(|)l±za/}(^)+(^) where D^^) : g — >D^'^\g) = g is the | IRR of SU{2) . 

Hence V^^^^D^'^\g)\± >= D^'^\g)^\± >= D^i\g)\± > , where |± > 
are defined by raji >= ±|± > . In the same way one can show that 
D^i) (g)\zf >= . This last result means that 

p(±i) = d(^)(^)|± >< ±|Z}(5)+(^) 
or 

iV^^\3 = D^{3)D^\9)- (1-33) 

< ±|D(5)+(^) defines a map from V^^^^A^ into r(S2, SU{2)) as follows 

1^ > _^ < ±|D(5)+(^)|^ >= ^(±i)(p, (1.34) 

< ±|D'-^)+((7)|'?/' > has the correct transformation law (|1.30|) under g — >-gexp{i9^\ 
as one can check by using the basic equivariance property 

D(5)((^e^ef )|± >= e^''^D^-2\g)\± > . (1.35) 

In the same way D(5)(c,)|± > defines a map , T{S^, SU{2)) — which 
takes the wave functions tp^"^^^ to the two components elements tp^"^^^ D^i') {g)\± > 
of V^'^^^'A^ . Under g — >gexp{i9^) , the two phases coming from ip^"^^^ and 
D^^\g)\± > cancel exactly so that their product is a function over . 
Towards fuzzification one rewrites the winding number (|1.32|) in the form 



An J 

= -Tr^ (^7 ^^^'^ [D, [V, ] . (1.36) 



The first line is trivial to show starting from (|1.32|) , whereas the second line 



is essentially Connes trace theorem which we will prove in the next chapter. 
\V\ = positive square root of V'^V while Tr^ is the Dixmier trace [see the 
next chapter for the definition] . In the fuzzy setting , this Dixmier trace will 
be replaced by the ordinary trace because the algebra of functions on fuzzy 
Sp is finite dimensional . 
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V in ( |1.36| ) is either X>2g or ^^2w) which are given in equation ( |1.26| ) . 
They both give the same answer ±1 . The fuzzy analogues of 'D2g and 



are respectively D2g and given by equation ( |1.27| ) . These latter 
operators were shown to be different and therefore one has to decide which 
one should we take as our fuzzy Dirac operator . D2g does not admit as 
it stands a chirality operator and therefore its use in the computation of 
winding numbers requires more care which we will do in the next section 



on chiral fermions . D2W admits the fuzzy chirality operator ( |1.28| ) which 
will be used instead of the continuum chirality 7 = a.n. However D2W has 
a zero eigenvalue for j = 2/ + | so it must be regularized for its inverse in 



1.36| ) to make sense. This will be understood but not done explicitly in this 
introduction , a careful treatement is given in chapter 4. 

Finally the projector V^^^^ will be replaced by a fuzzy projector p^^^^ 
which we will now find . We proceed like we did in finding the chirality 
operator V , we replace n in ( 1.31| ) by = / J 1(1 + 1) and insist on the 



result to have the properties p^'^^^'^ = and = . We also 
require this projector to commute with the chirality operator F , the answer 
for winding number = +1 turns out to be 

= - + — ^[r.L^ + i]. (1.37) 

^ 2 2/ + l^ 2^ ^ ^ 

This can be rewritten in the following useful form 

_ - (' - m + n 38) 

where K^^^ = + | . This allows us to see immediately that is the 

projector on the subspace with the maximum eigenvalue I + ^ ■ Similarly , 
the projector p^^^^ will correspond to the subspace with minimum eigenvalue 
/ — I , namely 

j?")^ - (I + + i) 

~ (i-m+hj-ii+m+iY ' ' 



By construction ( 1.3S ) as well as (|1.38|) have the correct continuum limit 



( |1.31| ), and they are in the algebra A^2(A) where A is the fuzzy algebra on 
fuzzy Sjp , i.e 2(2/ + l)x2(2/ + 1) matrices . Fuzzy monopoles with winding 
number ±1 are then desribed by the projective modules p^'^^^A'^ . 
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If one include spin , then should be enlarged to . It is on this 
space that the Dirac operator as well as the chirality operator F are 
acting . In the fuzzy the left and right actions of the algebra A on A are 
not the same , For each a G A , we thus have operators a^'^ G A"^'-^ acting 
on ^ G A according to a^S, = a^,a^^ = ^a. [Note that a^b^ = {ab)^ while 
a^b^ = {ba)^] . The left action is genearted by Lf whereas the right action 
is genearted by — so that we are effectively working with the algebra 
A^(8)A^ . A representation 11 of this algebra is provided by 11(0;) = a;®l2x2 
for any q;GA^®A^ . It acts on the Hilbert space A^©A*^ . 

With all these considerations , one might as well think that one must 
naively replace Tr^ — >Tr , 7 — >T , T) — >D2w and — in (1.36) 



to get its fuzzy version . This is not totally correct since the correct discrete 
version of (|1.36| ) turns out to be 

c(±l) = -TreP(±i)[F2^,p(±i)][F2^,p(±^)], (1.40) 



with 



and 



^ _ / 

\ \D2y,\ 



D2w \ 

l^-l , e={ t "i]. (1.411 




[For a complete proof of ( |1.4(]| ) using index theory see chapter 4] . For 
one finds that c(+l) = +1 + [2(2/ + 1) + 1] while for p^~^ we find 



P 



(+1) 



c(— 1) = —1 + [2(2/) + 1]. They are both wrong if compared to ( p.. 361) ! 



The correct answer is obtained by recognizing that c(±l) is nothing but 
the index of the operator 

1 — r c^-^x (-1-1) 1 + F . 
r ' = -^^F 'ttt^p^ (1-43) 

This index counts the number of zero modes of f'^^'^ . The proof starts by re- 
marking that , by construction , only the matrix elements < p^'^^^U^\f^^^\p^'^^^U^ > 
where U± = ^^A^ , exist and therefore p~^^ is a mapping from = 

to y_ = p^'^^^U- . Hence Index f^^'' = dimV^ — dimV_ . 

Since one can write the chirality operator F in the form F = j{j + 

1) — (/+ 1/2)^ where j is the eigenvalue of (— L-^ + f)^ , j = / ±l/2 for which 
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r|j=i±i/2 = ±1 defines the subspace U± with dimension 2(Z±l/2) + l . On the 
other hand , for p^^^') which projects down to the subspace with maximum 
eigenvalue kmax = / + | of the operator K^-^^ = L + ^ , V± has dimension 
[2(/±l/2) + l][2(/+l/2) + l] and so the index is Jn(iex/(+) = c(+l) = 2(2/+2). 

This result signals the existence of zero modes of the operator p'^^ . 
Indeed for F = +1 one must couple / + 1 to / + 1 and obtain j = 21 + 1, 21, ..0, 
whereas for F = — 1 we couple / + | to / — | and obtain j = 21, 1 . j 
here denotes the total angular momentum J = — + f + i • Clearly 
the eigenvalues = 21 + 1 and in V+ are not paired to anything . The 
extra piece in c(+l) is therefore exactly equal to the number of the top zero 
modes , namely 2j^~^^^ + 1 = 2(2/ + l) + l . These modes do not exist in 
the continuum and therefore they are of no physical relevance and must be 
projected out . This can be achieved by replacing the projector by a 
corrected projector n^^^'^ = p^~^^''[l — vr'^-'^^^'^] where vr^-^'^^'') projects out the 
top eigenvalue j^^^^ , it can be easily written down explicitly [see equation 
(4.35)] . Putting vr*^"^^-* in ( |1.40| ) gives exactly c(+l) = +1 which is the correct 
answer . 

The same analysis goes for p'^^^^ . Since it projects down to the subspace 
with minimum eigenvalue kmax = ^ ~ | of the operator K^^^ = L + ^ , 
V± has now dimension [2(/±l/2) + 1][2(/ — 1/2) + 1] and so the index is 
Indexp^^ = c(— 1) = 4Z. By coupling Z — ^ to Z + | one obtains j = 
21,21 — 1, ..1 which are all F = +1 states, whereas by coupling / — | to / — | 
one obtains j = 21 — 1,...,1,0 with F = — 1 . Clearly the top eigenvalue 
= 21 in V+ and in K_ are not paired to anything. c(— 1) can then 
be rewritten as c(— 1) = [2j^~^^ + 1] — [+1]. Again the top modes do not 
exist in the continuum and therefore are of no physical relevance and must 
be projected out . This can be achieved by replacing the projector p^~^^ by 
a corrected projector vr*^^^) = p^^^^l — tt*^-'* ^')] where tt*^-'' projects out the 
top eigenvalue Putting 7r(-i) in ( |1.4U| ) gives exactly c(-l) = -1 which 

is what we want . 

This idea of obtaining fuzzy projectors describing fuzzy monoples with all 
the correct properties and with the right continuum limit generalizes easily 
to higher charges . For winding number ±A^ one introduces set of Pauli 
matrices r*^*-* and define K^^'^ = + J2iLi ^ • Fuzzy Monopole of charge 
±A^ is described by the projective module p'^^^^A^^ , where p^^^^ is the 
projector on the subspace with maximum (minimum) eigenvalue , / + y(/ — 



2 

y), of the operator K^^\ They have the right winding number ±A^ given 
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by formulae like ( |1.4U ). These projectors reduce in the continuum limit 



to = nili ^^^2'"*'" ""^^ check , and in terms of sections of vector 

bundles the projective module , V''^'^'' A'^'^ , corresponds to the tensor product 
of wave functions of the form ( |1.34| ). 

1.2.3 Chiral Fermions on Fuzzy Spaces 

The Dirac operator was shown to admit a chirality operator F , i.e 
{D2W, r} = . However there was one obvious problem with this Dirac 
operator , its spectrum. It has very small eigenvalues D2wU) large values 
of jQ, in particular its top eigenvalue corresponding to j = 2/ + 1 is identically 
zero . The spectrum of the Dirac operator was , on the other hand , 
identical to the continuum spectrum ±^(j + \) only truncated at the top 
eigenvalue j = 2/ + | . But this D2g does not commute with V as the top 
mode is not paired to anything . 

One would like to be able to define chiral fermions on fuzzy S^^ with 
the above truncated spectrum . To this end , one first projects out the 
top mode , which is a source of problem for both Dirac operators , and 
define the space V through the projector P given by -P|j, js >= |j, js > 
for any i<2l — ^ and P\j = 2/ + |,j3 >= 0. Next recall that in the con- 
tinuum we had the identity 'D2W = ilT^2g which can be put in the form 
\T^2g\~^T^2gT^2w\T^2w\~^ = i\T^2g\'^T^2glT^2g\T^2w\'^ ■ Then by using the facts 
\'^2g\ = \T^2w\ and [7, |2^2g|] = [7, \T^2w\] = one can see that 7 = a.n can be 



rewritten 



^ = (1.44) 

W2g\ \T^2w\ 

Naive fuzzification would give 

r' = lF2gF2n,. (1.45) 

where F2g and F2W are given on the space V by and respectively. 

On the subspace corresponding to j = 2/ + | both F2g and are set to 
zero . 

It is a very interesting exercise to check that F is indeed a chirality 
operator which is different from F . By construction , it also has the correct 



^As usual i denotes the eigenvalues of the total angular momentum which is , in the 
absence of monopoles , given hy J = — + f . 
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continuum limit . Further it anticommutes with both Dirac operators PD2gP 
and PD2wP ■ [see chapter 4 for the exphcit proof]. 

One can now replace the chirality operator F in the chiral pair {PD2gP, F ) 
by F as follows . The triplet ei = , 62 = F2W and 63 = F can be shown 
to form a Clifford algebra , namely {cq, et} = Sab^v ■ In other words 
together with the identity on V will generate all linear operators on \^ , in 
particular F can be written as a linear combination of them . But since F 
is the chirality operator of 62 = F2W , its expansion in terms of Ca and ly 
will only contain ei and 63 , and therefore it must be in the plane gener- 
ated by ei = F2g and 63 = F . Hence F can be rotated to F by a unitary 
transformation Ue2{0) with an angle 9 around 62, i.e F = Ue^iO)^^ Ue2{0)- 
Similarly the Dirac operator PD2gP will be rotated to a new Dirac oper- 
taor D = Ue2{d)^ PD2gPUe2{d) ■ [see chapter 4 for the explicit form of the 
rotation t/gj] . 

Using this new pair (D, F) in the winding number formula ( |1.4CI|) will give 
exactly the correct charges ±1 with no need to modify the projectors , 
namely 

± 1 = -TreP(±i)[F,p(±^)][F,p(±i)], (1.46) 
where now F is given by ( |1.41| ) with the substitution — ^-j^ ■ 

1.2.4 Fuzzy Spinors and the Star Product 

This is another example in which the relation of projective modules to sec- 
tions of vector bundles is worked out explicitly in both the continuum and 
the fuzzy case. Fuzzification here is elegantly achieved by the means of star 
product . The considerations of this last section are relevant for spin | par- 
ticles moving on in the absence of monopoles . The case of CP^ and/or 
the inclusion of monopoles can be treated similarly and is done in chapter 5. 

V2g acts on A®C'^=A^ = {|^ >= ) , ipieC°^ (S^)} and it anticom- 
mutes with the chirality operator 7 = a.n . To write down explicitly a general 
element of the projective module A"^ , one can for example expand it in terms 
of the eigenfunctions of 7 . To this end one first remark that a general point 
n of is given in terms of g = D^^\g) by a.n = D^2^{g)a3D^2)-'^(^g'^ and 
hence 7-D^2)(^) = D^2^{g)as . Now by taking the standard basis {|+ >, |— >} 
defined by the equations Usli >= ±|± > , one have the following identity 

-fD'-^\g)\±>=±D'^^2)(g)\±> , (1.47) 
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In other words D'^^) (^g'^\-\- > and D''2^{g)\— > are the eigenfunctions of 7 
with +1 and —1 hehcity respectively . Let us write these spinors as 

{-) 

By construction , these spinors \ip± (g) > have the equivariance property 

\ij^j\ge^'^') >= \ij^j\g) > e^^l . (1.49) 

The elements of the projective module A'^ , and hence too its chirality ±1 
subspaces ^^^^A^ , are by construction invariant under g ge^~2^ . This 
is because they are functions on and not on SU{2) . The expansion of 
elements of these subspaces using ( [1 .481 ) must thus have another factor in each 
term transforming with the opposite phase to that in (|1.49|) . Accounting for 
this fact, we can write for \ip >E A^ , 

mg)> = |^+(^?) > +|r (^?) >, 

\^^i9)> = <jm\i^^4\9)>]\d'\g)> , e^&C. (1.50) 

\ip~^{g) > and |V'~(fi') > belong to the subspaces ^^^^A^ and ^^^f^A^ respec- 
tively and hence they represent left handed spinors and right handed spinors 
on the sphere . \il)^:^\g) > in equation ( |1.50| ) is , on the other hand , 
defined by 

\i;^\g)>=D^^\g)\j,Tl> (1-51) 

j here are the eigenvalues of the total angular momentum = C + ^ . It is 
half integer equal to / + | or / — ^ and therefore the states \ j, =f| > do always 

exist. / are of course the eigenvalues of the orbital angular momentum C . 
D^^\g) is the j IRR of the element gESU{2) . It is now not difficult to see 
that under the transformation g — >gexp{i^d) we have 

\^^4\ge''^') > = \^^^\g) > e^'l. (1.52) 



From ( p..49| ) and (|1.52|) it is then obvious that ( |1.50|) are invariant under 
g ge 2 " . 
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To find sections of tlie spinor bundle over one simply acts with the 
Dirac operator on the elements (|1.5CI| ) of A"^ . A non-trivial calculation 
gives 



(i)i 



(i)l 



;i.53) 



[see chapter 5 for the complete proof] . = ^[^^±.1^2^ are the lowering 
and raising generators of the j IRR of SU (2) . ( |1.53| ) can also be rewritten 
in the "Dirac-Kahler" form 



D-K„i,D-K 
2g 





[<j,'M'^\j,-k> 



with 



D-K 







X 



;i.54) 



:i.55) 



These are by definition the sections of the spinor bundle over . As expected 
they are essentially given in terms of the rotation matrices < j,m\ip^'' >= 

Towards the fuzzification of ( |1.50|) and ( |1.55|) one introduces the coherent 

states 



\g^) = U^'\g)\l,l) 



;i.56) 



induced from the highest weight vectors \l] I) and | / + |; / + | > respectively. 
g^U'^^\g) , A; = /, / + I , is the angular momentum k IRR of SU{2). They 
have the equivaraince property \ge^^^ ^ k) = e^^^\g^ k). 
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It is a theorem |2T| that the diagonal matrix elements {g,k\a\g,k) com- 
pletely determine the operator a. Further {ge^^^, /c|a|5^e*"^■^, k) = {g, k\a\g, k) 
so that ((/, k\a\g, k) depends only on ga^g'^ = a.n . In this way, we have the 
map 

A ^ ^, 

a a = {g, k\a\g, k) . (1-57) 

In particular the spherical harmonic Ykm is the image of an operators 
defined by YKuin) = {g, k\T^j\g, k) . "Fuzzy spherical harmonics" pro- 
vide a basis of matrices for A = Mat2i+i and can only occur with K<21 . 
The proof goes as follows , SU (2) has two different actions on A , the left 
action given by the generators of the / IRR of SU{2) and the right action 
given by the generators —L^ of the / IRR of SU (2) . The total action is then 
given by the orbital angular momentum C = — which has eigenvalues 
K = 0, 21 . T§ can then be chosen to be such that £?T^ = K{K + l)T§ 
and C^T§ = MT§. Elements of A can then be thought of as ordinary func- 
tions on ordinary with expansions ( in terms of Ykm ) cut-off at angular 
momenta 21 . For their product to not have terms with K > 21 , the mul- 
tiplication rule should be changed to that given by the star product. Thus 
consider {g, k\T^T^\g, k) . The functions Y^m and Y^^ completely deter- 
mine and T^, and for that reason also this matrix element . Hence it is 
the value of the function Ykm * Ylm, linear in each factor, at n: 

{g,k\T^jT^\g,k) = [Ykm *YLN]{n). (1.58) 

The star product * extends by linearity to all functions with angular momenta 
<2l. The resultant algebra is {A, *) and it is isomorphic to the algebra A. 
The explicit formula for * on fuzzy has been found by Presnajder |^ [see 
also |2^ and references therein] . 

\g,l > and \g,l+^) given in equation ( |1.56|) span vector spaces Vi and VJ_,_i 

respectively . Let T^^%eH om{Vi+i/2, VJ) be a linear operator from V5+1/2 to 
Vi . It is a (2/+1) X (2(/+|)+l) matrix in a basis of VJ^_i and V/ . This operator 

has the transformation property < g,l\T^_^_\g,l + ^ > — >e*i < g,l\T^^\g,l + 
2 > under g — ^ge"^ 2 ^ . One also has the transformation property 



'^Similraly these tI^_^_ are defined by J^T^^+ ~ j{j + l)Tl-^^ and JsT^^^ — mT^^^ where 
J = — + f and j = 21 + ^, ^ . The index + , on the other hand , is simply 
denoting the fact that Xl^^ is a hnear operator from V;+i/2 — ^V/. 
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U^^\gyTi^U^^^'^\g) = E^w(^)^V+' (1-59) 

m 

where now j < 21 + ^ since we have to project out the top mode j = 2/ + | as 

explained in the last section , and D^^^i{g) is =< j^m\D'^^\g)\j,m >. Then 
one can make the identification 

<j,m\^^i\g) >^Dl^]^,{g) = {g,l\Ti^\g,l + ^) , (1.60) 

since from equation ( |1.52D one can easily see that < j , m\ijj^_^\g) > — s>e't < 
j , m\tlj^_^\g) > under g — >ge^^^ . In other words T;]^+ is the fuzzy version of 
< j,m\ilj^\g) > and will then be associated with the negative helicity part 
of the fuzzy wave function [see equation ( |1.5(JD ]. 

For hehcity + we have to consider T^_EHom(yi, V/+1/2), with 

U^'^^^\gVTi_U^^\g) = Y.D^±'(9)Tl,_. (1.61) 

m 

Of course now , 

< jM^-\9) >= =<9J + l\Ti-\g,l>, (1.62) 

where both sides will acquire now a phase exp{—i^) under the right U{1) 
action , namely under g — >gexp{i^6) . T^_ is then clearly the fuzzy version 

of < j, m\ilj^l\g) > . 

We can restore spin parts to fuzzy wave functions. The spin wave func- 

1 

tions for helicity ± are T^^± , where denotes the two components of the 
spinor . The positive chirality spinors are defined by 

< ^,ms\^f{g) >=d^^d9) =<gATt+\9,l + \>, (1-63) 
while the negative chirality spinors are defined by 

<\,m,\S\9)>=D''^^ .{g)=<g,l + \\Tt^g^> . (1.64) 
So the two components of the total fuzzy wave functions for helicity ± are 
< i m.lV^I >= [Y^&^Ti^, eeC,m, = +i -i. (1.65) 



2' 
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This is the fuzzy version of equation ( p..5(J| ) . 

The Dirac operator T)2g is given by the truncated version of (|1.53|) : 



pE(d 



2a. 



.1/2 



[i.m) 



jf"'^ being the angular momentum j images of Similarly fuzzy sections 
are given by 



D-K 



;i.67) 



This is the fuzzy analogue of ( |1.55 ) . 



Organization of the Thesis 



This thesis is essentially based on |]TT| , the first two papers of H and the 
reference |^ . It is organized as follows : chapter two is a short , but fairly 
technical introduction to the subject of noncommutative geometry , which 
can be skipped in a first reading . For us , the most pertinent results of this 
chapter are Connes's trace theorem , the stability of cyclic cocycle and the 
definition of cyclic cohomology. 

Chapter 3 is devoted to the construction of the K-cycle (A, H, D, T) de- 
scribing the fuzzy sphere Sj^ and its fuzzy geometry . The core of the thesis 
is chapter 4 which contains the formulation of several physical problems on 
S"^ . First one construct fuzyy monopoles with the right charges . Fuzzy soli- 
tons and a— models are also written down on S"^ with the correct winding 
numbers . Their dynamics and continuum limits are also discussed . Finally 
chiral fermions are elegantly defined on fuzzy with no doubling . 

Chapter 5 deals with CP^ , its fuzzification and its Dirac operator. As 
is not a spin manifold but a spin^ manifold , fermions are not symmetric 
between left and right , neverthless they can be defined both in the continuum 
and in the fuzzy case. This chapter contains also the fuzzification of sections 
of vector bundles using the star product and coherent states representations. 
This gives us an alternative approach to desribe fermions , monopoles and 
solitons on Sjp and CP'jp . The approach used in chapter 4 was based on 
projective modules and K-theory . 
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We conclude the thesis in the last chapter by some general remarks con- 
cerning fuzzy spaces , noncommutative geometry and fuzzy quantum field 
theories . 
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Chapter 2 

A Few Elements of NCG 



This chapter contains a very brief introduction to the subject of noncommu- 
tative geometry (NCG) . In particular , many concepts of NCG will be built 
by comparison with those of ordinary differential geometry through working 
out explicitly several examples . This introduction is far from being com- 



plete and the level of rigour is also not that of |16| . However in writing it 



, extensive use of |1T6| , p!7| , 0, |2^, ^ has been made. Our central aim is to 
Introduce the technology of NCG without actually going too much into the 
technical details . The other goal is to develop some necessary tools which 
will be crucially used in the bulk of the thesis . Examples of such tools are the 
Dixmier trace , K-cycles , Dirac operator , cyclic cohomology and Fredholm 
modules . The most important results of this chapter are : the explicit proof 
of Connes trace theorem which allows us to directly verify , in the case of 
Riemannian manifolds , the axiom that the Dirac operator gives the metric . 
The other important result is the stability of cyclic cocycle which allows us 
to define topological numbers for arbitrary spaces . 

However , because those results of this chapter which will be actually 
used in the remaining chapters are fairly simple and elementary , the reader 
can skip it in a first reading and only consult it when needed in the bulk of 
the thesis . 
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2.1 First Example : Quantum Mechanics a la 
Heisenberg 

Quantum Mechanics is the very first example in which the space , which is 
the phase space in this case , becomes noncommutative . This is obvious 
from the fact that the phase space coordinates q and p , in the quantum 
theory , will satisfy the nontrivial commutation relation [q,p\ — ih . Phase 
space acquires a cell-like structure with minimum volume given roughly by 
h. In this section we will rederive this result in an algebraic form , i.e a form 
in which the noncommutativity is established at the level of the underlying 
algebra of functions. 

It is a textbook result that the classical atom can be characterized by a set 
of positive real numbers , i^i , called the fundamental frequencies . This atom, 
if viewed as a classical system , radiates via its dipole moment interaction 
until it collapses . The intensity of this radiation is given by 

In I < i/, n > 1^ 

where 

<v,n> = ^niVi.rii&Z. (2.1) 

i 

It is clear that all possible emitted frequencies , < i/, n > , form a group F 
under the addition operation of real numbers 

T ^ {<n,v >]nieZ}, (2.2) 

indeed given two frequencies < v^n >— riiVi and < n >— n^i/j in F, 
it is obvious that < z/, n + n >= Y^iijii + n^)i'i is also in F . 

The algebra of classical observables of this atom can be obtained as the 
convolution algebra of the the abelian group F . To see how this works 
exactly, one first recalls that any function on the phase space X of this atom 
can be expanded as ( an almost ) periodic series 

f{q.p-,t) = Y.f{q,p-n)e'-'<^'^>'-n^{n,,...,nk). (2.3) 

n 

The Fourier coefficients f{q,p;n) are labelled by the elements neF . One 
can then check that the convolution product defined by 

f * 9{q,p;t;n) = J2 f{(l:P'^t;ni)g{q,p;t;n2), (2.4) 

ni+n2=n 
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where f{q,p; t; n) = f{q,p; n)exp{27ii < n, u > t) , leads to the ordinary com- 
mutative pointwise muhiphcation of the corresponding functions f{q,p;t) 
and g{q,p;t), namely 

f9{q,P;t) = f{q,p;t)g{q,p;t) = Y,fi* f2{q,p;t;n). (2.5) 

n 

The key property leading to this result is the fact that T is an abelian group. 

If we take experimental facts in our account then we know that the atom 
must obey the Ritz-Rydberg combination principle which says that 

a) Rays in the spectrum are labeled with two indices . 

b) Frequencies of these rays obey the law of composition 

(2.6) 

which we write as 

(2,j) = {t,k)o{k,j). (2.7) 

The emitted frequencies Uij are therefore not parametrized by the group F 
but rather by the groupoid A of all pairs ■ It is a groupoid since not 
all frequencies can be composed to give another allowed frequency , every 
element has an inverse , and o is associative. 

The quantum algebra of observables is then the convolution algebra of 
the groupoid A, and it turns out to be a noncommutative (matrix) algebra 
as one can see by rewriting (|2.4]) in the form 

FiF2(ij) = ^ Fi(^i,k)F2{k,j)- (2.8) 

{i,k)o{k,j)=(i,j) 

One can easily check that FiF2^F2Fi , so F' s fail to commute . 

To implement the element of the quantum algebra as matrices one should 
replace f{q,p]t;n) = /(g,p; n)e^'^*^"'^^* by 

F(Q, P; t)(,,,) = F{Q, P)(,,,)e2---*. (2.9) 

From here , Heisenberg's equation of motion , phase space canonical com- 
mutation relations and Heisenberg's uncertainty relations follow in the usual 
way . 
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2.2 Compact Operators as Noncommutative 
Infinitesimals 



It is a set of deep results due to Gelfand , Naimark , Connes and others that 
all the properties of a space X, namely its topology , measure theory , De 
Rham theory, K-theory,... can be coded in the algebra of functions C{X) on 
this space . 

Connes's noncommutative geometry (NCG) is a very precise construction 
in which the above basic theorem is explicitly implemented , not only for 
smooth differentiable manifolds , but also for general spaces . One fruitful 
way of introducing NCG is by stating axioms of diferential geometry in a 
form suitable for generalization . Differential geometry will appear therefore 
as only a very special case of NCG . 

Before we state the axioms , we need first to write down the spectral 
or quantized calculus , which is a generalization of the usual calculus on 
manifolds. It can be summarized in the following table 

Complex variables — > Operators on, a Hilbert space 
Real variables — > Self adjoint operators 
Infinitesimal — > Compact operators 
Integral — > Dixmier trace 

(2.10) 

The first two lines are essentially borrowed from QM , whereas the third fine 
will be explained in this section . Next section will be devoted to the last 
line . 

Definitionl 

An operator T on a Hilbert space H is said to be compact if it can be 
approximated in norm by finite rank operators . More precisely 



V e>0, 3 a finite dimensional space EeH : ||Tj;x|| < e. 

(2.11) 

With this definition , it is clear that compact operators are in a sense small . 
Definition2 
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One can alternatively define compact operators as follows : They admit 
a uniformly convergent (in norm) expansion of the form 

T=5]^„(T)|^„><0„| (2.12) 

n>0 

where 0<yUj+i (T)</ij(T) , {{ipn >}and{\(f)n >} are orthonormal (not neces- 
sarily complete) sets . One can now make the following remarks : l)The size 
of the compact operator T (infinitesimal) is governed by the rate of decay 
of the sequence {fin{T)} , as n — >oo . 2)If we polar decompose , T = U\T\ 
where |T| = \/T*T and U is the phase of T , then one can show that the 
characteristic values of T , iiniT) , are basically the eigenvalues of |T| with 
eigenvectors |0„ >. 

The characteristic values , iiniT) , satisfy 



(Ti + T2) < /i„(Ti) + /im(T2) 
/in(TTi) < ||T||/i„(Ti) 

/in(TiT) < ||T||/i„(Ti). (2.13) 

where Ti , T2 are compact operators and T is a bounded operator . For 
n = m = 0, the above inequalities can be shown by using the fact that 

/io(T) = snp{||T|x> II : |x> e^,|||x> II<1} 

= ||T||= the operator norm, (2-14) 

which trivially satisfies all of (|2.13| ) . One can also show that fin{T) , riy^O, 
behaves as a norm as follows . First let C{H) be the set of all bounded 
operators on H and i?„ the set of all operators with rank less than n , i.e 
Rn = {SeC{H) : dim{ImS)<n} . Then from the above first definition of 
compact operators , one can write 

fin{T) = dist{T,Rn),\fneN 
with 

Limfin{T) — > when n — >oo. (2.15) 

This is another way of writing that the compact operator T is a norm limit of 
operators with finite rank . From this definition and the obvious inclusions 
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Rn + Rm C Rn+m the inequalities ( |2.13| ) follow easily . In showing ( |2.13| ) we 



need also to use the fact that the set of compact operators forms a two-sided 
ideal in C(H), i.e RnC{H) = C{H)Rn = Rn- This is obvious since compact 
operators among bounded operators are like infinitesimal numbers among 
numbers . 

Definition 3: Order of a Compact Operator 

A compact operator T is of order aG-R^ iff 

3 C < oo : i2n{T)<Cn~'',yn>l 
^ fin = 0{n-''),n — ^oo. (2.16) 

Example 1 

Let us check that some of the intuitive rules of calculus of infinitesimals 
are still valid for compact operators . For example if Ti , T2 are of orders a, 
(5 then T1T2 is of order a + (3 . we start with 

^^n+m{TlT2)<^ln{Tl)^lm{T2)■ (2.17) 

But /i„(Ti) = 0{n-^) , /i^(T2) = 0{m-P) and ^lp{T{^2) = O(p-T) . a , ^ 
and 7 are the orders of Ti , T2 and T1T2 respectively . Then 

0((n + m)-^) < 0(n-")0(m-^) 
0{n'')0{m^) < 0{{n + my) 

0(^"+/3-7) < i_ (2.18) 

Where we have assumed that n = m . One then concludes that 7 = a + /?. 
Example 2 

The volume d'^x in d dimensions is an infinitesimal of order 1 and therefore 
the differential dx is of order 1/ciQ . 
Example 3 

On a d-dimensional manifold M , the Dirac operator D = = \D\ has 
the eigenvalues (Weyl formula) 

^This is because by definition the integral has as a domain the set of compact operators 
of order 1 , in other words d^xf{x) must be a compact operator of order 1 and therefore 
d'^x is a compact operator of order 1 . Remember that a bounded operator f{x) times a 
compact operator d'^a; is still a compact operator of the same order. 
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for large j . So D ^ is infintesimal of order 1/d and therefore D is an 
infinitesimal of order 1 . 



2.3 Dixmier Trace as the Noncommutative 
Integral 

One starts with the usual trace , which has as a domain the space of trace 
class operators . Let TeC^ be a positive and compact operator of order 1, 
then one can compute 

N-1 (j' 

aN{T) = TrT\N = l^n{T)<ClnN + ^ + finite terms. (2.20) 

n=0 ^ 

In other words the ordinary trace is at most logarithmically divergent and 
should be replaced by 

TrT — ^LimN^oolN{T) 
where 

The sequence {7Ar(T)} satisfies 

ln2 . 



7;v(Ti + r2) < 7^(2^1) +7iv(T2)<727v(Ti + T2)(l + 



InN' 

(2.22) 



We can see immediately That 77V is not linear , and that linearity will be 
recovered if the sequence {7Ar} converges . One needs then to replace (|2.21|) 
by something else , namely 

Tr^(r) = Lzm^7^(T). (2.23) 

This is the Dixmier trace . Lim^^ is a linear form on the space of bounded 
sequences {77v} • It is positive , linear , scale invariant and it converges to the 
ordinary limit if the sequence on which it is evaluated converges. Explicitly, 
it satisfies: 

Tr^iT) > 
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Tr^iXiTi + X2T2) = AiTr^Ti + AaTr^Ts 

Tr^{BT) = Tr^{TB), B is a bounded operator 
Tr^{T) — 0, if T is of order higher than 1. 

(2.24) 

The Ath equation means that infinitesimals of order 1 are in the domain of 
the Dixmier trace , while those of order higher than 1 have vanishing trace . 
The proof is pretty obvious from the above construction. 

The Dixmier trace can be extended to the whole space , the space 
of trace class compact operators of order 1 , because of the linearity of the 
trace and the fact that JC^'°° is generated by its positive part . 

Example 4 

The Laplacian on a d-dimensional torus T'^ — R'^/{2t:ZY (and its eigen- 
values) is (are) 



f ^ pI + ,„+pI (2.25) 

One would like to compute Tr^^A^"'/^ . The eigenvalues of A"'^/^ are /i.p(A~'^/^) 
IpI"'' . The multiphcity of this eigenvalue is the number of points in Z'^ of 
length \p\ which is proportional to the volume 

Np+dp -Np^ n^p^-^dp (2.26) 

Q(i is a d — 1 dimensional sphere . Therefore 



InN ^0 InNk 



p<k 



dink 

Tr^A-'/') = ^. (2.27) 
d 

Since on the torus , \D\'^ — A , this result can be written as 

Tr4\D\-') = ^ (2.28) 
The Dirac operator here seems to play the role of the metric . 
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2.4 Spectral Triples or K-cycles as Noncom- 
mutative Spaces 

An arbitrary space X can be always defined by a set {A, H, D) where A is 
an involutive algebra of bounded operators on the Hilbert space H , and 
D = is an operator acting on H with the properties 

D^^ is a compact operator on H± 

[D, a] is a bounded operator for any a&A. 

(2.29) 

H± is the orthogonal complement of the finite dimensional kernel of D . 

The above space is compact in the sense that the spectrum of D is by 
construction discrete with finite multiplicity . A noncompact space will be 
obtained if the algebra A has no unit , more precisely , we need to replace 
the first line in ( |2.29| ) by the following condition : For any a&A and A not in 
R , a{D — A)~^ is a compact operator . {A, H, D) is called the spectral triple 
or K-cycle and contains everything that is to know about our space . 

States as Noncommutative Points 

A point in the above K-cycle , or noncommutative space , is a state on the 
C* algebra A , in other words a linear functional 

^ : A — 

where 

ilj{a*a) > 0,VaGA 

ll^ll = sup{\il){a)\:\\a\\<l}. (2.30) 

One can check that \ = V'(l) = 1 • The set S{A) of all states is a convex 
space, in other words : given any two states ipi and ip2 and a real number 
0<A<1 then Xipi + (1 — A)^/'2 is &S{A) . The boundary of S{A) is generated 
by pure states . 

Even Spectral Triple 

The spectral triple X = {A, H, D) is said to be even (otherwise it is said to 
be odd) if there is a Z2 grading F of if , satisfying 

F^ = 1, 
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r+ = r 

{r,D} = [r,a] = 0,VaeA 



(2.31) 



The Real Structure J as the Noncommutative CP operation 

The spectral triple X — {A, H, D) is said to be real (otherwise it is said to 
be complex) if there is an antilinear isometry , J : H — >H , which satisfy 
the following 

J2 = e{d)l, 
JD = e{d)DJ, 
JT = {ifVJ 

J+ = J-^^e{d)J. (2.32) 

The mod 8 periodic functions e(c?) and e (d) are given by 

e(d) = (L h -h -h -h -1, 1, 1) 
e'{d) = (1,-1,1,1,1,-1,1,1). (2.33) 

If the space X is a Riemannian spin manifold M , then the real structure is 
exactly the CP operation 

J^p = Ci). (2.34) 
C being the charge conjugation operator . 

2.5 The Dirac Operator as the Noncommu- 
tative Metric 

The Dirac operator of the K-cycle X = {A, H, D) can be used to define a 
distance formula on the space S{A) : the space of states on the algebra A . 
Given two states ( points ) on A ( of X ) , ■^i and ^02 the distance between 
them is given by 

o?('0i,V'2) = SMPae^l I V"! (a) - V'2(a)| : I IP, a] II <1}, 

(2.35) 

D essentially contains all the metric informations of the space X . 



41 



Example 5 

Let us check that the distance formula ( p.35|) will reduce to the ordinary 



distance when the space X is an ordinary manifold M . In this case , A = 
C°°(M) , D = ■ The space of states 5(C°^(M)) is now the space of 

characters M(C°°) which can be identified with the manifold itself as follows 

such that 

M) = f{x),WfeC^{M) 

(2.36) 

The distance ( |2.35| ) takes then the form 

d{xi,X2) = supfi.c^^M){\f{xi) - f{x2)\ : \\[DJ]\\<1}. 

(2.37) 

Next since [D, f] = 'j^d^f one has \ \[D, /]|| = supxeM\\df\\ , and hence 

X2 



|/(X2)-/(X1)| = 1/ df.dx\ 

< r \df.dx\ 



'XI 



< r \df\ds 

J X\ 

< r\\[D,f]\\ds 

Jxi 
rx2 

< / ds. 

J X\ 

d{xi,X2) = InfiT^ds). (2.38) 

J Xl 

In the above proof we have assumed for simplicity that the functions , 
fEC°°{M), are real valued . However the result (|2.38|) will also hold if /'s 
are complex valued functions on M . The only difference is that one finds 
now that the norm of the bounded operator [D, f] is equal to the Lipschitz 
norm of / , 

m m = = ^«p-^-^7^7(^^- (2-39) 
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2.5.1 Example 6 : Connes Trace Theorem 

Before we state the first axiom of NCG , one needs to do one more com- 
putation in which one sees once more that the Dirac operator D — i^'^d^ 
of a d dimensional spin manifold is intimately related to the metric . More 
precisely, one would like to show that the Riemannian measure on M is given 

by 

Tr^f\D\-'^= f f(x)Jdetg(x)dx^Adx^A..Adx'^. (2.40) 

JM ^ 

The first step is to recognize that the Dirac operator D is a first order elliptic 
pseudodiffcrcntial operator . The statement that D is a first order is trivial 
as one can see from its expression . Being pseudodiffcrcntial operator means 
that , it is an operator between two Hilbert spaces Hi and H2 of sections of 
Hermitian vector bundles over M which can be written in local coordinates 



as 

(27r) 



D^P{x) = ^ j e^P^^-y^a{x,p)ij{y)d%d''p 
where 

a{x,p) = -PmT"- (2.41) 

In this case Hi — H2 — L'^{M, S) : the Hilbert space of square integrable 
sections of the irreducible spinor bundle over Af . a{x,p) is called the prin- 
cipal symbol of the operator D and since it is invertible for Pt^O , the Dirac 
operator is called elliptic . 

It is not difficult to check that the principal symbol of the second order 
operator, D^, will be given by p^l = rj^^PuP^l where we have assumed that 
we are in a locally flat metric ( which can always be done ). One can then 
compute the principal symbol of as follows 

D-^ip(y) = — ^ / e'P^y-''^a{x,p)il}{x)d'^xd'^p 

(ztt)" J 

where now 

a{x,p) = ^1. (2.42) 

This operator is of order —2 . From here one can directly conclude that the 
operator = (D^)"''/^ is also a pseudodiffcrcntial operator of order —d 

and its principal symbol is given by jpl"*^! . 
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Now given any f&C°°{M) , it will act as a bounded multiplicative oper- 
ator on the Hilbert space , and therefore the operator f\D\^'^ will be also a 
pseudodifferential operator of order —d , with a principal symbol given by 
f{x)\p\-'l . 

The identity 1 which appears above is an NxN unit matrix which acts 
on the spinor bundle , so N — 2*^/^ for even dimensional manifolds and 
N = 2*^'^^^)/^ for odd dimensional manifolds . 

The next step is to use the famous Connes trace theorem , which asserts 
that the Dixmier trace of a pseudodifferential operator (of order —d ) over a 
d dimensional Riemannian manifold is proportional to the Wodzicki residue 
of that operator , more precisely 

Tr^A = —^—:WresA 
d{27rY 



' Tr[a{x,p)\apdx^ Adx^ ...Adx'^ . 



d{27rY Js*M 



where 



d 

Up = ^(-l)^~VjdpiA..AdpjA...Adp<i. 

and 

S*M = {{x,p)eT*M :\p\ = l}. (2.43) 

Therefore it is straight forward to see that 

1 



d 



d{27r) 

^d j,,J'[fi^)\p\-'^]^vdx'^dx\..^dx'. 



2.6 Axioms of NCG 

Axiom 1 : Dimension 

We are now ready to state the first axiom of NCG. It is written as 
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IJ.,U=1 

(2.45) 

F is the sign of the Dirac operator , F = |^ , and it is assumed to satisfy 
[F, |Z)|~^] = . X^^ are the generators of A while rj = {rj^y) is in Md{A) , i.e 
dxd matrices with entries in A. The positive compact operator |-D|~^ can be 
thought of as the square of the infinitesimal length element over the space 
X={A,H,D). 

Usually this axiom is formulated as follows : is a compact operator 
of order l/rf , where d will be by definition the dimension of the above space 
(K-cycle) X = (A, if, D) . This is called the Dimension Axiom . 

Example 7 

Let us compute the dimension of 5*^ from its Dirac operator . The Dirac 
operator on S"^ is known to have the form 

D = a.L + l (2.46) 

Its square , , has the spectrum 

k' = {3 + \)\3 = l + \orj = l-\. (2.47) 

k"^ = {j + is an eigenvalue of with a total multiplicity equal to : 
4(j + |) = 4/c. One can then compute 

1 1 

Tr^\D\~^ = Lim^-——Y.—xAk 
LuNm 

4 

= Lim^——lnM. (2.48) 

IuNm 

But , Nm = Ek=i 4fc = 2M(M + 1) , and therefore 

TrjD\-^ = 2 (2.49) 

This equation means that |-D|~^ is in the domain of the Dixmier trace and 
therefore it is a compact operator of order 1 . D"^ is then a compact operator 
of order 1/2 which leads to the conclusion that the dimension of S*^ is 2 . 
( 2.49| ) is exactly the Euler character of S"^ . 
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Axiom 2 : Reality 



One can use the real structure J , introduced in equation ( p.32| ) , to define 
the opposite algebra . Its elements aP are defined by 

= Ja*J+ (2.50) 

with product 

{haf = a%\ (2.51) 

The two algebras A and A^ are also required to commute with each other , 
i.e 

[a,6°] = 0, Va,6GA (2.52) 
Equation ( |2.52|) is the reality axiom of noncommutative geometry . 



Axiom 3 : First Order 

The real structure J and the Dirac operator D should also satisfy one more 
condition known as the first order axiom of noncommutative geometry. For 
all a and h&A , one must have 

[[D,a],6°] = (2.53) 

Example 8 

In the case of ordinary commutative manifold M with a Dirac operator 
D = ij^d^ , the opposite algebra A^ coincides with the algebra A itself , 
since (6a) ° = a°6° = 6°a° , and therefore the condition (|2.53|) will simply 
mean that the Dirac operator is a first order operator . 



Axiom 4 : Regularity 

For all a&A , the operator [D, a] is a bounded operator on the Hilbert space 
H, and both a and [D, a] are in the domain of 5™" for all integers m . 6 being 
the derivation defined by : 6{a) = [\D\,a]. This is the algebraic formulation 
of the smoothness of the elements of A. 

There are three more axioms regarding orientability , finiteness of the 
K-cycle and Poincare duality and K-theory , whose discussions will take us 
out of the scope of this thesis , so we stop here . 

The subject of the next chapter will be the construction of noncommuta- 
tive differential calculus . 
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2.7 Fredholm Module 



2.7.1 Definition 

Given the K-cycle X = [A, H, D) , One way to introduce a Fredholm module 
structure is by defining the operator 




(2.54) 

on H2 = H®H . By construction (^.54[) is such that = 1 . Let tt be an 



involutive representation of the algebra A on the Hilbert space H2 = H®H 
given by : 

V/gA : 7r(/) = ^ (2.55) 

The exterior derivative df of any element / of A is defined by df = i[F, vr(/)] 
or 

We will assume that [F, vr(/)] is a compact operator on H2 for any / in 
A: in other words df is an infintesimal variable . we will also assume that 
7r(/)(F — F^) is a compact operator. The pair [H2,F) define a Fredholm 
module , it is an even Fredholm module if the Hilbert space H admits a Z/2 
grading F . On H2 the chirality operator is therefore given by 

(2.57) 

By construction we have F2 = 1 , = F2 ,r2-F = — -FF2 and F27r(/) = 
7r(/)r2 for any element / of the algebra A . 




2.7.2 Cyclic Cohomology 

The Schatten-Von Neumann classes 

The Schatten-Von Neumann ideal of compact operators C'^ ( where p is a 
real number >1 ) is defined as the space of all bounded operators T on H2 
such that the trace of |Tp is finite , in other words : 
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oo 

J2if^n{T)r < OO, (2.58) 

n=0 

where Hn{T) is the nth eigenvalue of \T\. The above condition simply means 
that the eigenvalues of T must decrease fast enough at infinity .These classes 
are used to measure the size of the differential [F, 7r(/)] . 

One last remark is that CJ'<zCJ^ if ■p-^q which can be written as : 

>C^c/:2c...c£fc...c£°°, (2.59) 

where C} are trace-class operators , C? are Hilbert-Schmidt operators and 
are the compact operators . 

p-summable Fredholm module 

A Fredholm module [H^^ F) is called p-summable if : 

[F,7r(/)]e£^(//2),V/eA. (2.60) 
The differential envelope Q of A 

Let n be an even integer , n>0 ,and let us assume that our Fredholm module 
{H2,F) is ( n-|-l)-summable , in other words : 

[F,7r(/)]G£"+i(i/2),V/GA. (2.61) 

We can associate to the algebra A a bigger algebra fl called the differential 
envelope of A in the following way : 

^ = 0Lo^^' (2.62) 
where Qq = A and flk , k > 1 , is the space generated by the operators : 

CO = 7r(/o)[F,7r(A)][F,7r(/2)]....[F,7r(/fc)], (2.63) 

where /o,/i----,/it are elements oi A . In fact , the operators cu define the space 
of k-forms over the algebra A , in particular fii is the space of one forms and 
^2 is the space of two-forms . By using the so called Holder inequality which 
can be stated as : 
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a"' a^'^o', for- = y—. 



(2.64) 



. Tl+l 



one can see that : ^IkCC . The product in f2 is the product of operators 
given by : 



(2.65) 



The exterior derivative 



The differential envelope f2 is a graded algebra in the following sense . In 
general one can define the exterior derivative ci as a map from Q into Q given 
by : 



du} 



i{Fu - {-l)''uF),Wuenk 



(2.66) 



For A; = , ( p. 66 ) reduces precisely to (|2.56|) . More precisely this exterior 
derivative d maps /c— forms into (A;+l)— forms , in other words given a fc— form 
uj, one can compute 



duj 



Fu - i-lVuF 



F7r(/o)[F,7r(/i)][F,7r(/2)]....[F,7r(/,)]-(-l)V(/o)[F,7r(/i)][F,7r(/2)]....[F,7r(/fc)]F 



= t[F, 7r(/o)] [F, vr(A)] [F, Tiif, )].... [F, vr(/fc)], 
where we have used the expression ( |2.63| ) of LuEQk and the identity F[F, vr(/)] 



(2.67) 



— [F, Tc(f)]F . From (|2.67| ) , it is very clear that dcu is in ^k+i , which means 
that 



d '■ — ^^fc+i- 
Now let us check that d is a graded derivation as follows 



(2.68) 
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d{LUiLU2] 



FuJiUJ2 — ( — 1) UJ1U2F 



[Fuji - {-if'uJiF + {-lf'uJiF]uj2 - {-lfuJiUJ2F 



{duji)uj2 + ioJi 



-if^Fuo-i-l 



UJ2F 



{duJi)uJ2 + {-lf^UJi{duJ2). 



(2.69) 



For ki =even , ( |2.69| ) is exactly Leibnitz's rule . 

One can write the definition ( |2.66|) of the exterior derivative as follows: 
doj = i{Fu!— (— l)'^a;F) = i{Fu! — T2U!T2F) . The proof is simple and consists 
in the observation that uj contains (A; + 1) elements of the algebra A which 
all commute with r2 , while the k operators F anticommute with r2 and 
therefore the extra sign (—1)'^ . So 



duj = i{Fu! — T2UJT2F) 
= iT2{T2Fij - UJT2F) 
= zT2[T2F,u]. 

From ( |2.70|) it is easily verified that d satisfies d"^ = , indeed : 



(2.70) 



d^uj = iT2 [T2F, duj] = iT2 [T2F, iT2 [T2F, 00]] 

= -FsiFsF, Fuj - F2CJF2F] = -F{Fuj - T2UJT2F) + T2{Flo - F2CjF2F)F2F 



-F^uj + FT2UJT2F - FT2UJT2F + ujF^ 



0. 



The pair {Q, d) defines a graded differential algebra . 



(2.71) 



The cycle rf, Tr,) 

One can define a closed graded trace of degree n , recalling that n is an even 
integer introduced in equations ( p.61|) and (|2.62| ) , by : 
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uj — >Trs{uj) = Tr' (T2UJ). 

(2.72) 

Tr' (x) is defined only for tliose x's wliicli are sucli tliat tlie combination 
Fx + xF is in C^{H2) , i.e belongs to the space of trace class operators , it 
is given by : 

Tr'{x) = ^Tr{F{Fx + xF)). (2.73) 

To prove that the combination Fx + xF , for x = T2UJ, is in fact in C^{H2), 
we simply compute Fr2UJ + r2UjF = iT2duj where we have used the fact that 
ujE.VLn and that n is even . duj is clearly in fi^+i but by using Holder inequality 
we can check that VLn+i(lC}{H2) , hence duj and therefore FT200 + T2^^F are 
(^C\H2) . 

Since Tr s{uj) depends only on du and = , it is trivial to see that 
Trs{duj) = , i.e the trace (|2.72|) is closed . The trace ( |2.72|) is also a graded 
trace because: 'iuJiE.Vtk^ and 'iuj2E^k2 such that : ki + k2 = nwe find : 



Trs{uiUJ2) 



'-TrV2Fd{uJiU2) 



—TrT2F 
2 



■-TrT2 
2 



duJiUJ2 + { — l)^^UJldLU2 

-l)'''+^duJiFuj2 + FuJiduj2 



, (2.74) 



where we have used the identity Fdui + {—l)^^du!iF = . 

The triplet {Q, d, Tts) defines a cycle with dimension n over the the al- 
gebra A. It is a theorem that this cycle is essentially determined by its 
character r, i.e the (n + 1)— linear function defined by : 



^n(vr(/o), 7r(/i), 7r(/2)...., 7r(/„)) = 
Tr'r2vr(/o) [F, 7r{f\)] [F, 7r(/2)] [F, 7r(/„)] • 

(2.75) 

r„ is called the character or the cocycle of the cycle {fl, d, Trg) . 
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2.7.3 The Hochschild Complex and its Cyclic Subcom- 
plex 

Let A* be the algebraic dual of A , i.e the space of all linear functional on 
A : 

0: A — 

/ (2.76) 

A* is a bimodule in the sense that for any a and bin A and (p&A* , the object 
a(f)b is in A* defined by : 

a(/,6(c) = (j){bca) (2.77) 

Let now — C^{A, A*) be the space of all p— linear maps from A to A*. 
Any element T of can be viewed as a (p + 1)— linear functional r on A 
given by : 



r(7r(/o),7r(A),...7r(/^)) = [T(7r(/i), ...7r(/^))](7r(/o))ea (2.78) 

The Hochschild coboundary map b is defined as follows . To the boundary 
bT corresponds a (p + 2) —linear functional br given by : 



[br]{n{fo),....n{fp+i)) = r(7r(/o)7r(/i), ....7r(/,+i)) 

+ f:(-l)V(7r(/o),...,7r(/.)7r(/.+i),...,7r(/,)) 

i=l 

+ (-l)^+V(7r(/,+i)7r(/o),...,7r(/,)). 

(2.79) 

Hochschild cochains of degree p are defined to be those elements TeC^ which 
are also linear functionals f on Qp defined by 

f{uj) = T(7r(/o),7r(/i),...,7r(/p)) 

where 

(2.80) 
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and which vanish on the d^lp^i part of f2p , i.e 

f{duj') = 0, (2.81) 

where uE^lp-i . 

Now we define the Hochschild cocycles as all those Hochschild cochains 
which satisfy the extra following condition : 

[bf]{uj)=0, (2.82) 

where [bf]{uj) = [6r](7r(/o), 7r(/p+i)) andt^ = 7^(/o)c^7^(/l)...c^7^(/p+l)G^]p+l. 
By definition , the p—th cohomology group of the algebra A with coeffi- 
cients in A* is the cohomology = H^{A,A*) of the Hochschild complex 
iC^iA,A*),b) . 

Finally we define the cyclic cocycles as those Hochschild cocycles which 
satisfy: 

= e(7)r, (2.83) 

where 7 denotes any cyclic permutation of {0, 1, , and 6(7) is the corre- 
sponding sign , for even permutations it is plus whereas for odd permutations 
it is minus. Given an arbitrary Hochschild cocycle r , we can associate to it 
a cyclic cocycle as follows : 

AT = Y.e{^)T\ (2.84) 

7er 

where F stands for the group of cyclic permutations of {0, 1, , and A 

is a linear map from into given by the above equation, i.e ( p.84|) . 
Obviously the range of A is the subspace of , namely the space of 
Hochschild cocycles which satisfy equation (|2.83|) . Although the Hochschild 
coboundary operator b does not commute with cyclic permutations , it can 
be proven that it maps cyclic cocycles to cyclic cocycles . By definition , the 
p—th cyclic cohomology group of the algebra A with coefficients in A* is the 
cohomology HCp = HCp{A, A*) of the cyclic complex (C^(A, A*,b). Clearly 
(C^, b) is a subcomplex of the Hochschild complex . 

^T''(7r(/o),7r(/i), ...,7r(/p)) = T(7r(/„J, 7r(/„ J, 7r(/„J) where {ng, ni, rip} is the 
permutation of {0, 1, 
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Fredholm module's chciracter as cyclic cocycle 

In section (2.7.1) we associated to the even K-cycle X — {A, H, D) an (n + 
1)— summable Predholm module structure {H2, F) . Then , in section (2.7.2), 
this Fredholm module was completely charcaterized by the charcacter t„ of 
its cycle (O, Tr^). This character t„ is explicitly given by 

Tn(7r(/o),7r(/i),...,7r(/„)) = irrr27r(/o)ci7r(/i)...ci7r(/„). (2.85) 

Recall that n was taken to be even . This character is clearly an (n+1)— linear 
map from the algebra A into the complex numbers . It can be associated 
with an element T„eC"'(A, A*) in the following way 

r„[(7r(/i),...,7r(/„))](7r(/o)) = r„(7r(/o),7r(A),...,7r(/„)), (2.86) 

of course r„ is an n— linear map from Aio A* . In the same way , one can 
associate to t„ a map f„ from Q„ into C by the equation 

^n{i^) = rn(7r(/o),7r(/i),...,7r(/„)) = ^TrFao; 
where 

^ = 7r(/o)(i7r(/i)....(i7r(/n)el^„. 

(2.87) 

Let us now check that this character , f„ , is a cyclic cocycle . First one needs 
to check that it is a Hochschild cochain , in other words for any u &Q,n-i we 
must have Tn{duj) = . Indeed for uj eil„_i we have 

dcu' ^d7r{h)d7r{f2)...Mfn), (2.88) 

and therefore 

Tn{du;') = r„(l,7r(/i), ...7r(/„)) 

= Trr2[F,7r(/i)]....[F,7r(/„)] 

= Trr2F7r(/i)[F,7r(/2)]...[F,7r(/„)] 

- Trr2^(/i)F[F,7r(/2)]...[F,7r(/„)] 
= Trr2F7r(/i)[F,7r(/2)]...[F,7r(/„)] 

- (-l)"-irrFr27r(/i)[F,7r(/2)]...[F,7r(/„)] 
= 0, 

(2.89) 
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where we have used the identity 7r(/)] = —[F,7i{f)]F . 

Next one must check that , f„ , is a Hochschild cocycle , i.e bf, 
more precisely 



= or 



[brn]{TT{fo),.--,rc{fn+i)) = r„(7r(/o)7r(/i), ...,7r(/„+i)) 

n 

+ ^(-l)V„(7r(/o), 7cifMf^+l), Afn)) 
i=l 

+ (-l)"+V„(7r(/„+i)^(/o),-,vr(/„)). 

(2.90) 

To prove ( |2.90| ) , let us simply compute the second term above : 



i=l 

n 

5:(-l)Trr27r(/o)[F,7r(/i)]...[F,7r(/,)vr(/,+i)]-[i^,vr(/„)] = 

i=l 

X:(-l)W27r(/o)[F,7r(A)]...[F,7r(/,)]7r(/,+i)...[F,7r(/„)] + 



i=l 
n 



5:(-l)W27r(/o)[F,7r(/i)]...7r(/,)[F,7r(/,+i)]...[F,7r(/„)] 



i=l 



(-l)"Trr27r(/o)[F,7r(/i)]...[F,7r(/„)]7r(/„+i) + 

n-l 

^(-l)Trr2vr(/o)[F,7r(/i)]...[F,7r(/,)]vr(/,+i)-[i^,vr(/„)] + 

i=l 

(-l)irrr27r(/o)7r(/i)[F,7r(/2)]...[F,7r(/„)] + 

n 

^(-l)Trr27r(/o)[F,7r(A)]...vr(/,)[F,vr(/,+i)]...[F,7r(/„)] = 

i=2 

T(vr(/„+i)7r(/o),...,7r(/„)) - 
^(7r(/o)7r(/i),...,vr(/„+i)) . 

(2.91) 

From this last result , one can easily see that , 6r„ = , as desired . 

Finally one must check that , r„ , is a cyclic cocycle , in other words : 

r„(7r(/o), 7r(/i), 7r(/„)) = r„(7r(/i), 7r(/„), 7r(/o)). (2.92) 
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Indeed , 



rn(vr(/o),vr(A),...,7r(/„)) = Trr27r(/o)[F, 7r(/i)]...[F, 7r(/„)] 

= TrT,n{fo)Fn{f^)[F,7i{f,)]...[F,7r{U)] 

- Trr27r(/o)7r(/i)F[F,7r(/2)]...[F,7r(/0] 
= Trr2vr(/o)F7r(/i)[F,7r(/2)]...[F,7r(/„,)] 
+ Trr27r(/o)7r(/i)[F,7r(/2)]...[F,7r(/„)]F 
= TrTMh)[F,n{f2)]...[F,n{fn)][F,n{fo)] 
= ^n(7r(/i),...,7r(/„),7r(/o)). 

(2.93) 

With this result one concludes the proof that the character r„ of the Fredholm 
module {H2, F) is a cyclic cocycle . The integer n in all the above equations 
is by construction the smallest integer compatible with the (n + 1)— summa- 
bility of the Fredholm module {H2,F) . For example it is equal to 2 in the 
case of the sphere . 

Stability of cyclic cocycles 

The cyclic cocycle T2 of the two dimensional cycle {Q, d, Trg) is given by : 
r2(vr(/o),vr(/i),vr(/2)) = rrr27r(/o)[F, 7r(/i)][F, 7r(/2)]. 

(2.94) 



By using equations ( p.54| ) , ( p.55[ ) and p.57| ) we obtain 



r2(7r(/o),7r(/i),7r(/2)) = TrTU[D-\h][Dj2]+TrT2h[DJi][D-\h]. 

(2.95) 

This last equation can be rewritten using the identity , [-D~\ /] = —D^^ [D, f]D 



-1 



as : 



r2(7r(/o),7r(/i),7r(/2)) = -TrTD-'[D, fo]D-'[D, h]D-'[Dj2]. 

(2.96) 
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From this last result , one sees that the cyclic cocycle , T2 , can be interpreted 
as a fermionic one loop Feynman diagram with one insertion of the helicity 
operator F . For example , if we consider A to be the algebra of smooth 
functions on the sphere , then ( p.96| ) takes the form 



r2(^(/o),vr(/i),7r(/2)) = - [ JrTD-'[D, fo]D-'[D, f^]D-'[D, f,]d\ 

(2.97) 

where now the trace is only over the spin indices . The element fi is a 
superposition of exponentials exp{ikix) , and therefore in the Fourier space 
[D, fi] will appear as an insertion of 7^A;f at the vertex i . , on the 

other hand , appears as a propagator . Finally the overall conservation of 
momentum : 5(/co + ^1 + ^2) reduces the number of variables to two . 

Next one would like to extend the cyclic cocycle , T2 , which is defined 
over the algebra A to a cyclic cocycle , r| , which is defined over the algebra 
M2{A) , i.e the algebra of 2x2 matrices with entries in the algebra A . The 
extended cyclic cocycle r| should also satisfy the two conditions satisfied by 
the original cyclic cocycle T2 , namely : 



a ) T^{7c{fo),7r{f\),n{f2))=T^{7r{h),7r{fo),rc{f\)) 

(2.98) 



b ) bT^ = 



This extension is given by : V/o, /i, /2 in M2{A) we write 



r|(7r(/o), 7r(/0, 7r(/2))=Tm,a,afe.r2(7r(/^), 7r(//), 7r{f^)), (2.99) 

where /o = cxi/o , /i = aifl and /2 = 0-^/2 . It is obvious that r2(7r(/^), n{fl),n{f. 
is well defined since /g , fi and /| are all elements of the algebra A . We can 
also (easily) check that the two properties a) and b) given in equation ( |2.98| ) 
are both satisfied for this r| . This extension is very useful because one of 
the central object of this thesis is 

T^iP)^T^{P,P,P), (2.100) 

where P is an arbitrary idempotent of M2{A) , in other words a selfadjoint 
element of M2{A) which also satisfies P^ = P . In the next chapters , ( |2.100| ) 
will be interpreted as the Chern character of some bundle . 
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The last thing one needs to do in this chapter is to check the stabihty of 
(|2.10CI|) under the deformation of P among the idempotents of M2{A) . In 
other words , under 

P — >P' = UPU-\ (2.101) 
where f/ is a unitary transformation , U'^ = , one must have t|(P') = 

For infintesimal transformations , U = 1 + T , we have P' = P + 6P 
where 6P = [T, P] . If we write P' = atf' and P = a'f then 6P = (Ji6f 
where 5/* = f ^ — ■ Hence 



t|(P') = r|(P', P', P)^Tra,a,a,.T2W'l, rr{P), rr{f'')) 

= -Tra,a,ak.TrTD~'[D, f'']D~'[D, f'']D-'[D, 

= -Tra,a,ak.TrTD-'[D, f + 5r]D-^[D, P + 5P]D-\D, f + Sf] 

= T^{P, P, P) + r^{P, P, 5P) + r^iP, 6P, P) + T^i6P, P, P) 

5r| = 3r|(<5P,P,P), 

(2.102) 

where we have used , in the last line , the fact that the extended cyclic 
cocycle, r|, is symmetric under cyclic permutations . 
Now from the fact that , 6r| = , we have : 

T|(rP\ p2, p3) - T^(T, P^P^, p3) + T^{T, P\ P'^P^) - T^{P^T, P\ p2) = 0, 

(2.103) 

we get for P^ = P^ = p3 

T^{TP,P,P)-r^{PT,P,P) = 

T^{5P,P,P) = 0, (2.104) 

since 6P = TP — PT . Hence = and therefore the cyclic cocycle , r| , 
is stable . 
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Chapter 3 
Fuzzy S2 



This chapter is entirely devoted to the construction of the formahsm needed 
to describe the fuzzy sphere S^^ . A K-cycle (A, H, D, V) describing Sp 
will be obtained from the K-cycle {A, TC, V, 7) describing the classical sphere 

by quantizing the underlying symplectic structure of , namely u = 
ld{cos9)Ad(j) . It is a theorem due to Connes that this K-cycle will code 
all the geometrical properties of the space . For even dimensional spaces , 
the K-cycle consists of an algebra of operators , a representation space on 
which the algebra acts , and a Dirac operator as well as a chirality operator 
defining the differential structure of the space . For odd dimensional spaces 
the chirality operator does not exist . 

The method given here for the case of , = CP^ , will work for all other 
QpN jxianifolds so that generalization is straightforward . Because CP'^ 
manifolds with even , starting with CP^ , do not admit spin structure 
but only spiuc structure, their case present more complications and will be 
treated in chapter 5 . 

3.1 Continuum Considerations 

One starts this section by briefly reviewing the ordinary differential geometry 
of the two sphere S^. We will also try to reformulate all the relevant aspects 
of this geometry in algebraic terms so that generalization to the fuzzy sphere 
can be made. 
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3.1.1 The Algebra A of Functions on 

The sphere is a two dimensional compact manifold defined by the set of all 
points {xi,X2,X3) of R'^ which satisfy : 

xl + xl + xl = p'^ (3.1) 

The algebra A of smooth , complex valued and square integrable functions 
on the sphere is of course commutative with respect to the pointwise multi- 
plication of functions . A basis for this algebra can be chosen to be provided 
by the spherical harmonics Yim , namely 

f{x) = f{e,(j)) = fii-ik^h-^ik 

ii,...,ik 

= Y.^lrnYlm{e,<P). (3.2) 
Im 

When the coordinates Xj are quantized , they become operators realized as 
matrices on a certain Hilbert space H and therefore the functions / become 
also matrices acting on this H . The set of all these operators , / , form an 
algebra A . The numbers fii...iu will clearly preserve their meaning as the 
coeficients of the expansion of these operators . We would like to reformulate 
the geometry of in terms of the algebra A defined on it . One crucial step 
towards the definition of the fuzzy sphere will be then the simple replacement 
A — >A and Ti — , where Ti is the Hilbert space on which the algebra A is 
represented . A basis for Ti is provided by the standard infinite dimensional 
set of kets >} , the action of an element / of ^ on |f > will give the 
value of this function at the point x . 

An alternative , manifestly St/ (2)— invariant , description of A can be 
given as follows The algebra A is the quotient of the algebra C°°(R^) 
of all smooth functions of by its ideal X consisting of all functions of 
the form : h{x){xiXi — p^). A scalar product on A is then given by : 
{f^g) = ^Jd^x5{xiXi - p^)f*{x)g{x). Here f^g^A and f{x),g{x) are their 
representatives in C°°(R^) respectively . For example the norms of the gen- 
erators of the algebra A are computed to be = {xi,Xi) = y . 
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3.1.2 The Spinor Bundle 82 over 



Now we would like to define the spinor bundle over the sphere 0, |26 



One starts first by defining the Clifford algebra associated with the vector 
space R'^ . It is a complex algebra generated by 3 self adjoint elements 7" 
which satisfy the relations, 7*^7'^ + 7^37" = 25"'^, and which are represented 
by 2x2 pauli matrices . 

The spin group spin(3) is known to be equal to SU (2) . It is the universal 
covering group of 5*0(3) . It consists of all the 2x2 transformations 5'(A) 
defined by , k^p-f^ = S-\A)-f''S{A) and detS{A) = 1 , where A is in ^0(3) . 
This map is clearly double valued because both S'(A) and — 5'(A) correspond 
to the same A in S0{3) , in other words spin(3) covers 5*0(3) twice . For 
transformations A near the identity , A^ ~ + , the above map will have 
one solution given by 5(A) ^ 1 + \Xai3l"l^ ■ 

The spinor bundle over will be defined now in three steps . First one 
defines the principal fiber bundle S = {spin{3), ir, R^) over the base manifold 
R^ by the projection map 

71 : spin{3) — >S0{3) 

S{A) — ^A (3.3) 

It is a trivial statement that the tangent space at each point p of the base 
manifold is R^ and therefore at each point p we have a representation A 
of 50(3) which is acting naturally , so that the above map ( pl3|) induces 
essentially a projection of spin(3) onto R'^ |^ . Putting it differently , the 
fiber of the above bundle S is spin{3)xZ2 , i.e n~^{p) = [spin{3)xZ2]p . 

The second step is to associate with the above bundle £ , a spinor bundle 
S3 over R3 . Following |2^ , this is done by first remarking that the structure 
group of S is spin(3) . Then by construction the associated bundle , £3 = 
(E3, TTs, R'^) , can have as a fiber any space on which spin(3) is acting on the 
left . For obvious reasons we choose the Hilbert space of spinors 

Hs = C°^(R^)®C2. (3.4) 

If one now defines the right action of (7Gspin(3) on the space spin(3)x7i3 by 



27, 28 



{h, ilj)g = {hg, g-'^y,yhesptn{3), i^eU^. (3.5) 
Then the associated spinor bundle £3 has the total space 

E3 = [spin{3)xn3]/ spin{3), (3.6) 
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in other words the two points {h^ip) and {hg,g ^ip) are identified . The 
projection map is , on the other hand , defined by 

[(h,^)]^7r,mm=Ah), (3.7) 

where [ ] denotes equivalence classes . The detail structure of the spinor 
bundle S3 is therefore given by 

7^3^E3^R^ (3.8) 

Its sections are by defintion the spinors ip which are two components wave 
functions: 



V' = .? (3.9) 




where both ip^ and are in C°°(R^) . ip itself is in the Hilbert space Ti^ . 

Finally we can view — {0} as a bundle over where the fibers are 
half lines starting at the centerp6| . Each point on the fiber is then given 
by its radial distance r . Therefore the spinor bundle S2 over can be 
thought of as the subbundle of S3 in which sections are independent of the 
fiber coordinate r . In other words the S2 fiber is the subspace Ti.2 of 7^3 in 
which wave functions ip do not depend on the radial coordinate r . 

3.1.3 Dirac Operators From Spin Connections 

Generalities 

It is a known result that the Dirac operator , in arbitrary coordinates , on a 
manifold M is given by [§, 



V = -zr{d, + lu;,at[r,l']), (3.10) 

where are the generators of the curved Clifford algebra , namely {7^, j"} = 
2g^^ with 7^^^ = 1 and 7'^''' = •y^ . 7"'s , on the other hand , are the 
generators of the fiat Clifford algebra which will be defined now . First 



one decomposes the metric g^''' into tetrads as follows , (7^,^ = rjatel^ei, and 
^ab _ gfiu^a^b^ ^ where rjab is the fiat metric 6ab ■ The generators 7" of the fiat 
Clifford algebra are then defined by 7^ = 7"-E^ where is the inverse of e° 
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given by = riabg'^"''('l ■ This satisfies therefore the following equations 
^a^li ~ ri'^'^Ej^El^ = g^^ . Putting all of this in different words one can 

say that , , is the matrix which transforms the coordinate basis dx^ of the 
cotangent bundle T*{M) to the orthonormal basis = e^^dx^ . Whereas , 
Ef^ , is the matrix transforming the basis d/dx^ of the tangent bundle Tx{M) 
to the orthonormal basis Ea — E^-^ . The above Dirac operator can then 
be rewritten as 

V = -i^Eiiid, + ^u^^lr, 7l) (3.11) 

cUnab , in all the above equations , is the affine spin connection one-form which 
will be defined below . 

All the differential geometry of the manifold M is completely coded in 
the two following tensors : the curvature two-form tensor i?^ and the torsion 
two form-tensor T" . They are given by Cartan's structure equations: 



r« = de"" + uj^Ae^=^T^^e^Ae^, (3.12) 

where means = uo'^^dx^ . 

The Levi-Civita connection or Christoffel symbol , F^^ , on the manifold 
M is determined by the two following conditions . First one must require 
that the metric is covariantly constant , namely g,j,v;a = ^ag^lv — ^afiQ^i' ~ 
^auQfiX — ■ Secondly , one requires that there is no torsion , i.e T^^ — 
~ ^$a) — • The Levi-Civita connection is then uniquely determined 
to be V^g = ^g^^idagi^B + dpg^a - dyg^p) ■ 

In the same way the Levi-Civita spin connection is obtained by restricting 
the affine spin connection ujah to satisfy the metricity and the no-torsion 
conditions respectively : 

de^' + ujlAe^ = (3.13) 

The Levi-Civita Spin Connection on 

The metric is given by: 
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ds^ = p'^de^ + p^sin^edcj)'^. (3.14) 

But since , ds^ = g^^dx^dx'^ = rjabe-'^^e^^dx^dx^ = rjabe^'e'^ = I](e")^ , one can 
easily find that = pd9 , = psinOdcj) and therefore = p , = , 
Cg = and e| = psinO . It is not then difficult to see that de^ = and 
de"^ = pcos6d6Ad(f) . 

Similarly since , = rjabg'^'^e'l = g^^e^ , we have -Ef = g^^Cg = 
which leads to = i and = . Also we have E^ = g't"^el = -^^e'i 
which means Ef = and Et = . 

From the pair of equations ( p.l3| ) we can find : 



de^ = — co'iftAe'' = —Ui2Ae^ = — psinOuj 12 Adcj) 
de^ = ~uj2bf\e^ = — cu2iAe^ = —puj2if\d9, 

from which one can immediately deduce that 



(3.15) 



UJ21 = cost 
or 

^214, = -t^i2</. = cosO. (3.16) 

The Levi-Civita Spin Connection on 

The metric now is given by: 

ds^ = dr^ + r^de^ + rhtn^ed(j)^, (3.17) 

and therefore = rd6 , = rsinOdcj) and = dr which means that we 
have the following non-vanishing components = r , = rsinO , = 1 . 
It is also trivial to check that de^ = drAdO , de"^ = rcos9d9Ad(j) + sinOdrAdcf) 
and de^ = . 

One can also compute that E^ = g^^Cg = \eQ which leads to the compo- 
nents = i , = and = . = g^^e^ = ^r^e"^ which leads to 
Et = 0, Et = ^ and Ef = Q . Finally E^ = ^?^^ef = < leads to E[ = , 
El = and = 1 . 

In this case equations ( |3.13D will read 
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de^ — —ujii)f\e^ = —ijjy2,l\e^ — a;i3Ae^ = —rsin9uJi2Ad4> — cvisAdr 

de^ — —uj2b/\^ — —uJ2i/\e^ — a;23Ae^ = —ruj2i/\d9 — uj23Adr 

de^ — —usbAe'^ — —uJsiAe^ — a;32Ae^ = —ruj^iAdO — rsin6uJz2Ad(j), 



In other words , uj2i^ = —0Ji24> = cos9 , 0^234, = —^324, = sin6 , ojise = 
— <^3i6» — 1 ; and all the others are zero. 

Evaluation of Dirac operators 

Now wc arc in the position to calculate the Dirac operator both on the sphere 
and on . 
On the sphere it reads 



(3.18) 



from which one deduce 



<^2i = cos6d(f) 
<^23 = sin9d(f) 
cuis — d6 



(3.19) 



V2 = 




(3.20) 



Clearly (©2)+ = V2 . 

On , on the other hand , one must have : 



©3 = -irE^a{d^+-uj^bri') 
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r 2 rsinO 2 2 

r 2 rsmfc' r 



(3.2i; 



Here also we have : {T>^)^ = . 

Finally we remark that "Da restricted on the sphere is simply related to 
V2 by : 



^^2 = 253|.=p + y 



(3.22) 



3.1.4 The Dirac and Chirality Operators on the Clas- 
sical Sphere 

Equation ( p.22|) will be always our rule for finding the Dirac operator on 
starting from the Dirac operator on . As we will show , there is an infinite 
number of Dirac operators on which are all related by U{1) rotations and 
therefore they are all equivalent . The generator of these rotations is given 
by the chirality operator 7 on the sphere which is defined by 

^ = a.n = 7+; 7^ = 1; 7^29 + V2BI = 0. (3.23) 

T>2e is the Dirac operator on the sphere which is obtained from a reference 
Dirac operator 'D2g by the transformation 

1)29 = exp{i6^)V2gexp{-i6-f) 

= {cos2d)V2g + i{sin2e)-^V2g. (3.24) 



n in (|3.23D is defined by n = x/p 



Now what we would like to do is to find algebraic expressions of the Dirac 
operator V2 , in other words global expressions with no reference to any local 
coordinates on the sphere . There are two different methods to do this 
which lead to two seemingly different Dirac operators , V2g and V2W ■ T^2g 
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stands for the Dirac operator due to Grosse et al 0, ^, ^, ^, ^ , whereas 
stands for the Dirac operator due to the Watamuras |1^ . These two 
Dirac operators can also be shown to be unitarily equivalent . 



The Dirac Operator 

We start with the standard Dirac operator on : 

= -laA, (3.25) 

where cTj are the Pauli matrices . Now by defining , 7^ = — , one can use 
the identity , 7^ = 1 , to rewrite P3 as 

V3 = 7^1)3 = {—){—){-i(Tidi) = -i—{xidi + iekijCTkXidj). 

(3.26) 

Recalling that Ck = —iekijXidj one can finally find 

V3 = -tlridr-—). (3.27) 

r 

It is a very instructive excercise to check explicitly that the operator P3, 
written in the form ( |3.27|) , is selfadjoint . To this end one introduce the 



following operator, P = —id = —i{n.dr + d^do + 0;:^^f^0) , which satisfies 
the identities n.P = —idr and P.n = — — . 

' r 

Now the operator Vas defined by Vas = —i'jrdr = 'jr^.P is not self- 
adjoint because (I^as)^ = P-n-yr = P{njr) + {njr)P = P{n)'yr + n.P{^r) + 
{n'-)r)P = —^^+'Da3 , where we have used the fact that nP(7r) = —idr{'^r) = 
—iadrifi) = 0. 

In the same way the operator T)h3 defined by Vhs = i'jr^ is also not self- 
adjoint because (Vbsy = -\a^Lar = - ^^(£^(7^) +7^^) = -Vi(^^^i^^ + 
'jrCi) = ^ - '^jr^i ■ Then by using the identity -^7r.£i = ^'jr^.C one 
can find that =Vb3 + ^ and therefore we get = iVaz + ^^63)+ = 
which is what we want . 

On the sphere the Dirac operator will be simply given by 



^ P 
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where is the Grosse-Khmcik-Presnajder Dirac operator given by 

P 

In above equations we have chosen 7^ = 7 . 



(3.28) 



(3.29) 



The Dirac Operator V 



2w 



Another global expression for the Dirac operator V2 on the sphere can be 
found as follows : 



V3 = -iffidi 

= —ia[n{n.d) — nx[nxd)] 

= —ia\-dr — ^—fxC] 



A new algebraic expression for V2 will then emerge 

1 .7^ 

T^2w = n^ijk<^iXjCk + i — . 

p 

Since we have chosen , 7^ = 7 , and by using the identity — 



one can rewrite equation ( p.31|) in the form 

T^2w '- 



P 



(3.30) 



(3.31) 



.-Lf. ., a r 



(3.32) 
27X>2g , and 



This is the Watamuras Dirac operator . 

From the above construction it is obvious that , 1)2^ 
therefore from equation , (|3.24| ) , one can make the following identification 
T^2w = T^2^ ■ A more general Dirac operator can be obtained from 'D2g by the 
general transformation (|3.24|) . The two Dirac operators ( p.29|) and (|3.32|) 
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are clearly equivalent because one can show that both operators have the 
same spectrum given by ±-(j ' + |) where j is the eigenvalue of the operator 

This can be shown as follows : First remark that = DggEK^iich means 
that and will have the same spectrum . Next one uses the identity 
j2 = 1^2 ^ rewrite in the form = -^[J^ - C'^ - + 1] 

from which the above spectrum trivially follows . 

3.1.5 Projectors and Winding Numbers 



One can associate with the chirality operator defined in equations (|3.23| ) two 
projectors ,P± = which satisfy : P+ + P- = 1, P| = P± and = P±. 
More precisely , these two projectors are two idempotents of the algebra 
M2{A) which define subbundles , or more precisely projective modules, P+S2, 
P-S2 of the spinor bundle S2 over the sphere with fibers P+H2 and P-TC2 
respectively. The connections associated with these projectors are therefore 
defined, up to anything which commutes with P± , by 

V± = P±dP± (3.33) 

These connections also satisfy the following condition : V?/' G P±H2 and 
V/G^ we have : 

V±(^/)=V±(V^)/ + M- (3.34) 
The corresponding curvature will , on the other hand , be defined by : 

V| = P±dP±P±dP±. (3.35) 

By using the facts that , [P±, dP±] = and P^ = P± , one can compute that 
V| = P±dP±dP± = P±dP±[d{pJ) + P±d] = P±dP±d{P±) + P±dP±d . Now 
the facts , d'^ = and dP±dP± = d{P±dP±) — P±dP±d , will finally lead to 

Vl = P±d{P±)d{P±). (3.36) 

Next we define the Chern class as : 



^One can also remark that (/oI?2g)^ = £^ + pD2g which does not look very much like 
the Lichnerowicz relation {pD2gY = + \R > where R is the Ricci scalar of the sphere . 
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(3.37) 

where the integral is over the surface of the sphere and the trace is taken over 
the spin indices . One can actually calculate these numbers for the spinor 
bundles P±^2 and find them to be given by: 

Cl = ±1. (3.38) 

The computation goes as follows . First we have d{P±) = ±j^aidxi and 
therefore Ci = Js^ ^kij^kdXiAdxj where we have used the identities 

TrcTiCTj = 26ij and TrakCTiCTj = ^ieijk . Finally by using equation ( |1.18| ) 



we conclude that Ci = ±1. ci = ±1 are exactly the winding numbers of the 
maps ^± = (^45^±5^±) = ='=72 respectively . In terms of Euler angles these 
maps are written as = ±sin6cos(f), = ±sin6sin(j) and = ±cos6 . 

In a similar way higher winding numbers ±n are defined by the maps 
f±n = i^in^^ln^^in) gi^en by = ±sinecosn(f) , = ±sinesinn(j) and 
= ±cos9. The corresponding projectors P±n are , on the other hand , 
given by : 

— * 

P±n = i±|:^. (3.39) 

We can easily check that : = P±n , -P|„ = P±n ■ These projectors define 
subbundles P±n£2 of the spinor bundle , £2 , over the sphere with fibers given 
by the Hilbert spaces P±n'H2 ■ Connections V±n , curvatures and Chern 
class are still given by equations ( p.33| ) , ( p.36| ) and ( p.37| ) respectively , of 



course with the substitution P± — >P±n • 

It is instructive to compute the Chern classes ci for the spinor bundles, 
P±n£2, respectively : 



Cl = / TrP±nd{P±n)d{P±n) 



2m J ^ 2 ' 2 2 
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= ±n, 

(3.40) 

where we have used in the last equation the fact that , d^\.^/\d0^^/\d^^^ = 



Additivity of Winding Numbers 

Another way of obtaining higher winding numbers is by taking the tensor 
product, Pk® Pi , of two projectors Pk and Pi . The product Pk®Pi is also a 
projector since {Pk^PiY = {Pk®Pi) and {Pk®Pi)^ = Pk®Pi ■ It corresponds 
to the spinor bundle Pk£2®Pi£2 with the Hilbert space , Pk'H2®PiH2 , as a 
fiber . A general spinor of Pk'H2®PiH2 will be of the form Pkip^Picf) ■ 

The Chern class of the spinor bundle Pk£2®Pi£2 will be A; + Z where 
k and I are the winding numbers corresponding to the projectors Pk and 
Pi respectively . The proof goes as follows . First one have the follow- 
ing identity , d{Pk®Pi)Ad{Pk®Pi) = d{Pk)Ad{Pk)(8)Pi + d{Pk)PkA®PidPi - 
Pkd{Pk)md{Pi)Pi + Pk®d{Pi)Ad{Pi) = d{Pk)Ad{Pk)®Pi + Pk®d{Pi)Ad{Pi) , 
from which we obtain , TrPk®Pid{Pk0Pi)Ad{Pk®Pi) = TrPkd{Pk)Ad{Pk) + 
TrPid{Pi)Ad{Pi) , and hence Ci{Pk®Pi) = k + l = Ci{Pk)+ Ci{Pi) . 



3.2 The Fuzzy Sphere S| = (A, H, L>, T) 
3.2.1 The Complex Structure on TS^ 

It is very helpful to use the complex structure defined on the sphere to rewrite 
the Dirac operators ( |3.29| ) and ( |3.32|) and the chirality operator ( p.23| ) in a 



form more suitable for fuzzification . As we will see shortly , this complex 
structure will provide essentially a volume form as well as a metric on the 
tangent space TS^ of the sphere . 
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The complex structure J on the space TS| , which is tangent to at 
the point n , is introduced by the formula 

Jij = eijkUk. (3.41) 

Next one can construct from the above complex structure a projector Vij 
defined by 

T^ij — \Jik\Jki 

= Sij-UiTij. (3.42) 

It can also be rewritten in the form , Vij = {ri^AdCiY , where AdCi are the 
generators of the I — 1 adjoint representation of SU (2) defined by {AdCi)jk — 
ieijk- A simple calculation leads to the following basic identities among 
and Vij 



\Jij\J jk 


= -V, 




= Vik 


T^ij^Jjk 


J^ik- 



(3.43) 

The V is actually a projector on the tangent space TS| , in other words 
the vector V^ is always in TS| where ^ is any vector in the vector space 
= A(^C^ . This can be seen from the fact that VC, is , by construction , 
perpendicular to the normal vector n , i.e n.VC = VijUi^j = —{Jikn-i)Jkjij = 

— * 

. The scalar product of any two tangent vectors V^ and Vfj will be given 
by V^.Vff = {VijCj){VikTjk) = 'PjkCjVk ■ This result illustrates the fact that 
Vij plays the role of a metric on TS| . From this and from the identity 
^ Js2 eijknkdriiAdrij = 1 , one can see that J'ij contains much information on 
the metric aspects of TS| . 

More involved calculations show that 



[A, Jjk] = iJiieijk (3.44) 

and 

[Ci, Vjk] = ieijiVik + ieikiVij. (3.45) 

The last commutation relations follow from the Jacobi identity [Cj, Jlfc/]] + 

[Jki, [Cj, Ci]] + [Ci, [Jki, Cj]] = O^^enkJkj + ejikJki + (^ijkJki = 0. It is proven 
by first rewriting it in the form , [Ci, Pjk] = -iJuJhk^ijh + iJjiJhi^ikh- Then 
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Jacobi identity gives , Pjk] = ieijiPik + iJjiJhkf^uh + iJjiJhif^ikh- Jacobi 
identity is used once more to recombine the last two terms in this last equa- 
tion and obtain finally the desired result . 

From the complex structure J'ij and the projector Vij one can construct 
the projectors and V^, on the holomorphic and antiholomorphic parts 
respectively, of the tangent space TS| . They are given by 

= ^{V.,±tJ,,), (3.46) 

It is easy to check that Vf^Vf, = Vf, , Vf^Vj, = , VfjVjk = Vf, and 

Finally the chirality operator ( |3.23| ) and the Dirac operators ( p.29| ) and 



( |3.32| ) can easily be expressed in terms of the complex structure Jij and the 
projector Vij as 

7 = -j^Jij(^i(yj- (3.47) 

and 

P ^ 

V2n, = -JiM'^i + ir)- (3-48) 
P ^ 

3.2.2 The Classical Sphere as the K-cycle [A, H, V, 7) 

In this section we will briefiy summarize all our results so far concerning 
the classical sphere . This will be done through the introduction of the 
K-cycle (^,7^,^',7) defining . It is a theorem due to Connes iT6ll that 



all the geometry of is encoded in this K-cycle . The first element of this 
K-cycle is the algebra A of smooth functions on defined by equations ( |3.1[ ) 
and (|3.2|) which can be rewritten differently as 

A = {/(£) = ^ fij^„_ii^Xij^...Xii^}, 

(3.49) 



ii,...,i„ 



where 

3 

E-2 2 
Xi=P , 

i=l 



73 



(3.50) 



and 

= 0. (3.51) 

The operators Xi act on the Hilbert space Ti , which is generated by the 
vectors {\x >} , in such a way that we have 

Xi\x >= Xi\x > . (3.52) 

In other words Ti provides the representation space of the algebra A . 

The other two elements of the K-cycle [A, Ti, V, 7) are the chirality op- 
erator 7 and the Dirac operator T> which are given , in the case of , by 
equations ( |3.47D and p.48| ) respectively^. 



3.2.3 Quantization: {A,n,V,-f) — ^(A,H,L>,r) 

Now what we would like to do is to discretise the sphere a la fuzzy . In 
other words quantize and obtain naturally a discrete sphere containing 
a finite number of points . In lattice physics , when we directly replace the 
sphere by a lattice of points , we generally break explicitly all the symetries 
of the problem . In here such situations are completely avoided because the 
discretisation is achieved by quantizing the Wess-Zumino Lagrangian ( |1.4| ) 
given by 

L = UTriasg~'gy,geSUi2). (3.53) 

Of course , points n = x/p of are now identified with the equivalence 
classes [gexp{ia39/2)] of SU(2)/U{1) , because of the Hopf fibration x.a = 

pgf^sg'^ ■ 

As we have already shown in great detail in the introduction , the quanti- 
zation of the above Lagrangian leads to the fuzzy sphere . The observables 
of ( p.53[ ) are given by equation ( |1.17D or 



/(L)= Y: fn...,K-U,. (3.54) 



^For odd dimensional manifolds , a chirality operator does not exist and the K-cycle 
describing the manifold will consist of only three elements : an algebra A , a representation 
space Ti. and a Dirac operator D . 
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where the operators Lj are the generators of the {21 + 1)— dimensional irre- 
ducible representation / of SU (2) , in other words 



J2L^ = 1(1 + 1), (3.55) 



i=l 

and 



[Li, Lj] = ieijkLk. (3.56) 
The operators nf defined by nf = and [nf , nj] = —j===tijkn^ are 



the fuzzy coordinate functions on the fuzzy sphere Sj^jj . From here one can 
also see that the noncommutativity parameter ( or the deformation param- 
eter ) characterizing the fuzziness of Sp is = —r^ — . The commutators 

[nf ,nj] will then approach zero when / — >oo or equivalently h — s>0 , which 
is the continuum limit . 

Fuzzy functions on S|. are provided by equation ( p.54| ) , whereas fuzzy 
points can be thought of as the eigenvalues of the operators Lj . The number 
of points on S^^ is therefore finite and equal to 2/ + 1 . The fact that the 
operators Lj can not be diagonalized simultaneously reflects the property 
that we can not completely localize points on . 

Given the algebra A of all operators /(L) , one can define the regular 
representation n(A) to be generated by a set of elements Lf defined by 

V/gA : Lf / = LJ. (3.57) 



These elements will clearly satisfy equations ( |3.55| ) and (|3.56| ) . From the 



definition ( |3.57|) one also see that n(A) provides a representation of A which 



is acting on the left of A. 

By construction the algebra A , which is the first element of the K-cycle 
(A, H, L), r) defining the fuzzy sphere S|. , acts on the representation space 
H . The latter, which is the second element of the K-cycle (A, H, D, F) , 
was found in the introduction to be the Hilbert space of all the physical wave 
functions ( p..l5| ) of the Lagrangian ( |3.53|) . It is the Hilbert space spanned 



by the basis of the irreducible representation / of SU{2) , namely by 

L^|/m >= /(/ + l)\lm >, Lsl/m >= m|Zm > (3.58) 

■^Recall that the Lj's are the quantum operators associated with the ti w l.m , see 
Introduction. 
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A smooth global vector field on is a derivation of the algebra A . 
Similarly , a smooth global vector field on is a derivation of the algebra 
A , in other words a linear map X : A — i>A which satisfies the Leibnitz rule, 
^ifd) = ^{f)9 + f^id)- One such derivation is given by the adjoint action 
of the group SU{2) , which is generated by adLi , on the algebra A . It is 
defined by 

adLiif) = [L„f] 

= Uf-fU 
= iL,-Lf)f, 

(3.59) 

where are the generators of the opposite representation , 11° (A) , of A 
which act by right multiplication on A , 

V/gA : Lf / = fU (3.60) 
One can easily check that they satisfy 

i=l 

(3.61) 

and 

[Lf,Lf] = -te,,,Ll (3.62) 

adLi defined in equation (|3.59| ) are the fuzzy analogue of the classical deriva- 
tions Ci given by Ci = —ieijkXjdk ■ 

3.2.4 The Fuzzy Dirac Operators and The Fuzzy Chi- 
rahty Operator 

We have already shown that in the continuum , spinors ip belong to the fiber 
7^2 of the spinor bundle S2 over the sphere . The precise definitions were 
given in section (3.1.2) . 7^2 is essentially a left ^—module , in other words 
if fEA and then filjE7i2 ■ 7^2 can also be thought of as the vector 

space 7-^2 = A^C^ . The noncommutative analogue of the projective module 
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7^2 is the projective module H2 = A®C^ . This is clearly an A— bimodule 
since there is a left as well as a right action on the space of spinors H2 by 
the elements of the algebra A . The exact definition of fuzzy spinors will be 
presented in the next two chapter . In here we only uses these observations 
to conclude that the fuzzy Dirac operators and the fuzzy chirality operator 
must be defined in such a way that they act on the Hilbert space H2 . The 
Dirac operators must , on the other hand , anticommute with the fuzzy 
chirality operator . They must be , of course , selfadjoint and reproduce the 
continuum Dirac operators in the limit / — >oo . In the same way , the fuzzy 
chirality operator should reduce to the classical one in the continuum limit . 
We then must have the following requirements 

a) (rf = i 

b) TD2 = -D2T 

c) (r)+ = r 

d) {D2y = D2, (3.63) 



and 



e) Lim{D2)i^oo = 1^2 

/) Ltm{T)i^^ = ^. (3.64) 



Fuzzy 7 (or F) 



To get the discrete version of 7 one first simply replaces n in equation ( p.23| ) 

7" = (3.65) 
We can check that this 7^^ does not square to 1 , (7^^)^ = jg^aiCTjLiLj = 

1(1+1) i^ij + '^^ijkO'k)LiLj = 1 + ^jjj^eijk<7k[Li, Lj] = 1 — 21(1+1) ^ijk^ijl^kLl = 

1 / But we can notice that (7^^)^ H — / = 1 and therefore (7^ + 

1 \5 



/ / — TTTTT-TT + 1 wMch cau bc rewritten as :(frT + ttttttt)^ = 1 . In 

2^^1(1+1)^ 4i(/+l) 2(«+i)^ 

other words the chirality operator in the discrete is given by : 

\(a.L + l). (3.66) 



1+2 
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By construction this operator has the right continuum hmit and it squares 
to one. However by inspection does not commute with functions on 
S'jp given by equation ( |3.54| ) . Remark that this was not the case in the 



continuum where we had 7/ = /7 for any / in ^ . The property that 
the chirahty operator must commute with the elements of the algebra is 
a fundamental requirement of the K-cycle (A, H, D, T) desribing S|]^. To 
overcome this problem one simply replace L by —L^ defined in equation 
( |3.6CI| ) . Since these generators act on the right of the algebra A , they 
will commute with anything which act on the left and therefore the chirality 
operator will commute with the algebra elements as desired. The minus sign 
is due to the minus sign in equation ( |3.62|) . The fuzzy chirality operator is 
then given by 

" %(-a.L^ + b (3.67) 



^2w 



Fuzzy V2UJ ( or D2 

The fuzzy version of Watamuras's Dirac operator (|3.32|) is simply given by 



D2W — / eijkO'iLj{Lk - Lf^ + 

p^l{l + 1) 2 



(3.68) 



where we have substituted the fuzzy derivations adLk = L^ — L^ for the clas- 
sical derivations and the fuzzy coordinates nj^ for the classical coordinates 
Uj . By construction this Dirac operator has the right continuum limit . It can 
also be rewritten as , D2^, = -^—^=^eijkai[Lj,Lk] + —j^—eijkCTiLjL^ - 

1 ....^.T tR 



, tijhLj\ai,(7k\ = / (f.L-\ ; tijhCJiLjLu H , ' a.L , and 

therefore one obtains ^ 

D2w = -eijk(^inf L^. (3.69) 

From this expression it is obvious that this Dirac operator is selfadjoint . 
The last thing needed to be checked is the claim that this Dirac operator 
D2W anticommutes with the chirality operator F . First one computes 

^This is in fact a general requirement in any K-cycle , one must always have the property 
[7, /] = where / is an arbitrary element of the algebra and 7 is the chirality operator . 
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-1) 




1 




p{i + \: 




-1) 




1 








-1) 









-D2t«r - — -==={tijkCriLjL^)——^{--aiLf) 
Pi//(/ + l) ' + 2 ^ 

~ [^^ijk'^i'^iLj Lj^ + —eijkCTiLjLj}] 

l^ijk'^i'^iLjLj^L^ — ieijk^kim'^i'^iLjL^ — 2tijkLjL^Lf + 



(3.70) 

Then one computes, 

p{l + \)^l{l + l) 2 ' ' 

(3.71) 

Taking the sum , one gets 

D2w^ -\-^D2w = ; — i^^^=[~i^ijk^kim(^i<^iLjL^ — 2eijkLjL^L^ + eijkCTiLjL^] 

p{l + \)^l{l + l) 



1 



0, (3.72) 



which shows the result 



Fuzzy V2g ( or D2g ) 



The fuzzy version of the Grosse-Khmcik-Presnajder Dirac operator defined 
by equation ( p.29| ) is simply given by 



D2g = ^{a.adL + l), (3.73) 
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where we have only substituted the fuzzy derivation adL = L — for the 
classical derivation C . One can check that this Dirac operator does not 
anticommute with the chirality operator ( |3.67| ) and therefore it is no longer 
unitarily equivalent to ■ One therefore expect the two operators and 
to not have the same spectrum which is indeed the case . Despite this 
fact D2g is a much better approximation to the continuum Dirac operator 
than the Watamuras' Dirac opeartor D2W ■ This point will be explained in 
the next subsection . A thorough discussion , however , will be given in the 
last section of the next chapter . 



3.2.5 Spectra of the Dirac Operators 

The computation of the spectra of the Dirac operators D2g and D2W will 
show the fact that these two operators are no longer equivalent . Indeed , 
comparing the spectrum of D2g with the spectrum of D2W will allow us to see 
that D2g is really different from D2uj . More precisely the spectrum of D2g 
is exactly that of the continuum Dirac operators T>2g and V2W only cut of at 
some top value , while the spectrum of D2W contains corrections as compared 
to the continuum . D2g is therefore a better approximation than D2W ■ In 
the process of proving these claims, One will also be able to define a new 
chirality operator F which will anticommute with D2g . 



The Spectrum of D2W 

Let us start with D2W ■ The original calculation is in |T0|] . To find the 
spectrum one simply rewrites the square D2yj in terms of the different SU{2) 
Casimirs , J^, , , {L^Y ^^"^ (f )^ where J and K are defined by 



J 
K 



a 



K + 
2 



(3.74) 



The computation goes as follows 

= —^ijk^imn{Oii + teupapjlrij n^j[Lj^L^) 
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1 '-;F\2/fR\'i ^ („FF\(tRtR\ 



P 



:^(ekmn(Tj){nfn^)(L^L^) 



pn{i + 1) 
1 



P{L^f + L.L^ - {Lly - {a.L^){L.L^) + {a.L){L.L^) 

(3.75) 



Now by using the two identities , L.L^ = l[L'^+{L^)'^-K^] and a.L-a.L^ 



— K'^ — , the above equation can be rewritten as 



^2w 



pH{l + 1) 



1 



(3.76) 



One chooses to diagonahze this operator on the standard basis 

J'\m> = i(i + i)lij3> 

K''\3h> = k{k + l)\jj^>. 



(3.77) 



On this basis it is obvious that and {L^Y are both equal to /(/ + 1) , 
whereas (|)^ is equal to | . j takes the two values j — k-\-\ and j — k — \ 
for each value of k . k in the other hand takes the values k = 0,1, ...21 . The 
eigenvalues of the above squared Dirac operator will then read 



DIM 



1 r 1 2 , [Mfe + i)F _ Kk + i)(i + W 

^^^2' ^ 4Z(Z + 1) 



2Z(Z + 1) 



(3.78) 



For j — k-\- \ one can find that 



(J + 



1\2 



For j — k — \ the same expression for D2^{j) emerges 
eigenvalues of the Dirac operator are given by 



P 2 \ 



[1 + 



4/(/ + l) ^ 



(3.79) 
Therefore the 

(3.80) 
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The Spectrum of 



The computation of the spectrum of the Dirac operator is much easier 
than the previous one . The resuh of this calculation is also much simpler . 
The original calculation is in 0, ^, . It turns out that the spectrum of 
is exactly that of upto the eigenvalue j = 21 — ^ . Let us prove this 
claim explicitly . D2g can be straightforwardly be rewritten as 

D2g = i[a.(L-L«) + l] 

D2,U) = -^[j{j + l)-k{k + l) + ^]. (3.81) 

Again for each fixed value oi k , j can take only two values , j = k + ^ 
or j = k — ^. For the first value we get D2g{j) = ^(j + |) , whereas for 
the second value we get -D2g(j) = + |) ■ The eigenvalues of the Dirac 
operator D2g then read 

D2gi3) = ±kj + h. (3.82) 
p z 



The Chirality Operator F 

Let us now compare the eigenvalues (|3.80|) and (|3.82|) . By doing so , many 
key properties of the Dirac operators D2U1 and D2g will then be much more 
obvious , and at the same time the construction of the chirality operator 
F which anticommutes with D2g will be better motivated and hence more 
natural . We have 
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For k = 21 

• j^2l+ \-^D2g = ^{21 +\ + \) and D^y^ = 

1 111 f{2l — -^ 11 

• J = 2/ - 2—^2, = --{21 - - + -) and D,^ = -i^—^{2l - - + -) 

For k = 21 - 1 

1 111 fi21 — -\ 11 

• J = 2Z - --^D,, = -(2/ - 2 + 2) = ^ ^ '^ 2/ - - + -) 



For k 


= 2 


5 




• 7 = — 

2 




. 3 




• 1 — — 

2 


For k 


= 1 



— - + - and = + 
p^2 2' ^ p ^2 2' 



3 




2 


1 

• 7 = — 

2 




For k 


= 


1 




2 





1/3 1, , ^ /(l)/3 1, 



23 



23 



p I Z p 1 1 

1/1 In , ^ /(i)/l Ix 

- - + - and D2yj = - + - 

p^2 2' p ^2 2' 



In the above equation / is defined by /(j, /) = y 1 + ^ ^i^^j^-^ ■ 

By investigation one can immediately notice that there is a problem with 
the top modes , j = 2/ + | , for both the Dirac operators and D^g ■ 
In particular , j = 2/ + 1 , are zero modes for and therefore they spoil 
the invertibility of this latter operator . On the other hand , the eigenvalues 
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j = 2/ + I in the spectrum of , are not paired to any other eigenvalues 
and this is the reason for D2g not having a chirahty operator . However 
has the extra disadvantage of having very small eigenvalues for large values 
of j because /(j, /) is of the order of ^ for j of the order of / . In other 
words is a much better Dirac operator than D2W if one can define for it 
a chirality operator . 

If we restrict ourselves to the subspace with j<2l — | then clearly D2g 
must have a chirality operator . Let us then define the projector P by 

P |2/ + ij3>=0 
and 

P \J,J3 >= |J, J3 > , for all j<2l - 1 (3.83) 

Let us call V the space on which P projects down . The orthogonal space is 
W . 

The final thing will be now to find the chirality operator of the Dirac 
operator PD2gP ■ To this end one starts by making some observations con- 
cerning the continuum . From the basic identity T>2w = i'j1^2g one concludes 
that {T>2ii],1^2g} = , whereas from the fact that both V2g and V2W share 
the same spectrum one obtains that 11^231 = \1^2w\ ■ Obviously we have also 
the fact that \'D2g\ and \'D2w\ commute with X>2g and V2W ■ Hence we can 
trivially prove the idnetity 

7 = iJ^2g^2w, (3.84) 

where J-'2g and J^2w are the sign operators of the Dirac operators V2g and 
V2W respectively . They are defined by 



^2g 
^ 2w 



1^^2,1 
T^2w 

W2w\ 



(3.85) 



The fuzzification of ( ^.84 ) is only possible if one confine ourselves to the 
vector space V . The reason is obvious , F2W which is the fuzzy version of 
T2W will not exist on the whole space V"©!^ . Taking all of these matters 
into considerations , one end up with the new chirality operator 

r' = iF2gF2^, (3.86) 
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where 



= on V 



and 



2w 



, onW, 

(3.87) 



D2w -J. 

on V 



5 



\D2w\ 

= , onW. 

(3.88) 

By construction ( p.86| ) has the right continuum hmit . If it is going to assume 
the role of a chirahty operator on the fuzzy sphere it must also square to one 
on \^ , in other words one must have on the whole space V®W : (r')2 = p. It 
should also be selfadjoint and should anticommute with the Dirac operator 
PD2gP ■ The key requirement for all of these properties to hold is the 
identity {F2g, F2w} = 0. The proof which will be presented in great detail 
in the next chapter can be sketched as follows . First one note that on each 
subspace of V with fixed j , the operators D^^, -D2^„ , |-D2g| and \D2w\ are 
essentially proportional to the identity and therefore they commute with the 
restrictions of the operators D2g , D2w and F to this subspace. In other 
words the operators , , \D2g\ and |-D2«;| will commute with the 
operators D2g ,D2w and F on the whole space V . Next the basic identity , 



[D2g, F] = -2iy^l - (2;+i)2 -P2w , will lead to the result {D2w, D2g} = from 
which we get {^2^, ^2^} = . 
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Chapter 4 

Quantum Physics on Fuzzy S 



A fuzzy space p!6| , |T^, |2^, ^ is obtained by quantizing a mani 



fold, treating it as a phase space. An example is the fuzzy two-sphere 
Sp . It is described by operators nf subject to the relations J2i ^ = 1 
and [nf,nf] = + l))eijfcnf. Thus Li = + l)nf are (2/ + 1)- 

dimensional angular momentum operators while the canonical classical two- 
sphere is recovered for l^oo . Planck's work shows that quantization 
creates a short distance cut-off, therefore quantum field theories (QFT's) on 
fuzzy spaces are ultraviolet finite . If the classical manifold is compact, it gets 
described by a finite-dimensional matrix model, the total number of states 



being finite too. Noncommutative geometry |T^, |T^, ^ |^ has 

an orderly prescription for formulating QFT's on fuzzy spaces so that these 
spaces indeed show us an original approach to discrete physics. 

In this chapter , we focus our attention on the fuzzy sphere , S^^ , and 
discuss certain of its remarkable aspects which are entirely absent on the 
naively discretized , namely lattice . Quantum physics on is a mere 
matrix model in which one can coherently describe twisted topologies like 
those of monopoles and solitons . Monopoles and solitons have important 
topological aspects hke quantized fluxes, winding numbers and curved target 
spaces . Naive discretizations which substitute a lattice of points for the 
underlying manifolds are incapable of retaining these features in a precise 
way. We study in this chapter these problems of discrete physics and matrix 
models and discuss mathematically coherent discretizations of monopoles 
and solitons using fuzzy physics and noncommutative geometry . Traditional 
attempts which are usually based on naive discrete physics have at best been 
awkward having ignored the necessary mathematical structures of projective 
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modules and cyclic cohomology . A fuzzy cr-model action for the two-sphere 
fulfilling a fuzzy Bclavin-Polyakov bound is also put forth . The last section 
of this chapter will be devoted to the fermion doubling problem and its 
resolution on the fuzzy sphere Sp . One feels that this last topic is an 
important contribution of fuzzy physics to discrete physics . 

4.1 Fuzzy Monopoles 

4.1.1 Monopoles Wave Functions 

A point particle of electric charge q and mass m in the magnetic field of a 
monopole g is described by the free Hamiltonian , H — ^ , together with 

— * 

the Poisson brackets {xi,Xj} — , {pi,Pj} — qCij^B). and {xi,pj} — Sij. B is 
the magnetic field of the monopole given hy B = —-^^ , where r is of course 
the radial distance between the monopole which is assumed to be at rest at 
X = and the point particle at a; . It is not difficult using the above data to 
find the force acting on the electric charge in the presence of the monopole , 
it is given by rri^ — m{xi, H} — qeijkXjBk . The other remark is the fact 
that the canonical angular momentum Li = eijkXj{mxk) of the point particle 
is not conserverd since we have, ^ = eijkXj{m^) = —^-^i^)- Therefore 
Ji = Li + ^rii where nj = y and ^ = is what should be interpreted 
as angular momentum of the point particle in the presence of a magnetic 
monopole , in other words the point particle acquires an angular momentum 
in the direction of the line joining the particle and the monopole . 

It is a known result that in the case of an electric charge in the field 
of a monopole , one can not find a global system of canonical coordinates 
{x,p) for the phase space T*B , and therefore a global Lagrangian describing 
the above system can not be found by a simple Legendre transformation 
of the Hamiltonian . To construct such a Lagrangian , one enlarges the 
configuration space B = {x} to a U{1) bundle E over B given by 

E = RxSU{2)^{(r,g)} 
where 

aiUi = gcTsg'^- (4.1) 
A global Lagrangian can then be written down as follows 
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= ^mr'^ + ^mr^Tr[gg ^.ga^g + i^Tra^g ^g. (4.2) 

The above Lagrangian can be shown to be weakly invariant under the right 
U{1) action , g — ^ge^^"^ , that is to say L — — ^6 . In other words we 
have , hke in the case considered in the introduction , a fiber bundle structure 
U{1) — >SU{2) — ^S^. 

Following the same steps taken in the introduction to quantize the Wess- 
Zumino term (|1.4|) , one can start the quantization of ( [4.2|) by first parametriz- 
ing the group element ghj a. set of three real numbers (^i, ,^2, ^3)- The conju- 
gate momentum Ilj associated to is gievn by Ilj = ^ = i^Trasg'^-^ + 

^mr'^Tr[-^g~^, ga3g~^][-^g~^, ga^g'^]^^ . The modified conjugate momen- 
tum tk = —HiNik can also be computed along the same lines which led to 
equation ( |1.8| ) of the introduction . The answer is tk = ^^Trakgcr^g^^ — 



^^Tr[i^,ga3g ^][gg ^jgcr^g From this last equation the following con- 
starint follows easily 

P = rikh - F ~ (4-3) 

The Hamiltonian of the system can be computed in a standard fashion , it 
is given by 

H = ^ + ^mr^Tr[gg-^,ga3g~^]^ + vP 
2m 4 

u is a Lagrange multiplier . One can next check that the first class constraint 
( |4.3| ) have zero Poisson bracket with the Hamiltonain ( [4.4| ) , and therefore 
there is no secondary constraint. Observables should of course have zero 
PB's with P, these are r , p,. , ti and or functions of them . 

Wave functions of the system are ip = ip{r, g) . pr acts on ip as the usual 
differential operator , while acts by left multiplication , namely 

[e^'^'^^]ir,g)=^ir,e-''^'^g). (4.5) 
These wave functions should also satisfy the requirement 

riktk'ip = (4.6) 
Air 
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From the above two last equations one can easily find that 

V^(r,<7e-^^)=e^^l^V^(r,<7). (4.7) 
Since any function of r and g admits the expansion 

fir,9)=J2J24^,nir) <j,m\D^ig)\j,n>, (4.8) 

j m,n 

where g — >D^{p) is the j IRR of SU{2) . Then under the transforma- 
tion g — >ge~'^^~ , each term in the above expansion ([4.8| ) will transform as 
< j,m\D^{g)\j,n > — ^.g-^f" < j,m\D^{g)\j,n > . In other words wave 
functions il){r,g) should be functions of the form 

i^{r,g) = ^^c4_„(r) < j,m\D' {g)\],n (4.9) 

with the quantization condition , = —n , which is the famous Dirac 
quantization condition . n is clearly either an integer or half integer , so that 

— = integer. (4-10) 
27r 

In the units where q = 2tt we have g = ±N where A^eN. 



4.1.2 The Algebraic Formulation of Classical Monopoles 

There is an algebraic formulation of monopoles and solitons suitable for adap- 
tation to fuzzy spaces. We first outline it using the case of S^pT|. It is based 



on the Serre-Swan theorem , which states that every vector bundle E on 



a compact space X is isomorphic to a vector bundle V[C(X.)^C^], where 
C(X) is the algebra of smooth functions on X and N is some large inte- 
ger. The projector V , which is a self-adjoint idempotent , is an element of 
M7v(C(X)) : the algebra of NxN matrices with entries in C(X) . 

Let A be the commutative algebra of smooth functions on S^. Vector 
bundles on can be described by projectors V. P is a matrix with coeffi- 
cients in A{VijeA), and fulfills V'^ = V and = V. If the points of are 
described by unit vectors nGR'^, the projector for unit monopole charge is 
-p(i) = (1 + T.h)/2 where Tj are Pauli matrices and fii are coordinate func- 
tions, hi{n) = rii . This calculation was carried out explicitly in section 3.1.5 
where we have computed the Chern class for the projective module V'^^^A^, 
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where = ^®C^, and found it to be equal to one. V^^^A^ are therefore 
sections of vector bundles for monopole charge 1 . 

For monopole charge ±iV (A^ > 0), the corresponding projectors are 



r'^m •jf (l±r-M.fi) 



n (4.11) 



1=1 



where r*^*^ are commuting sets of Pauli matrices . They give the following 
sections of vector bundles 



(4.12) 



where A"^ = A^C^ consists of 2^-component vectors ^ = (^1,^2, •••,^2^), 
p(±JV)^ = ±p(±^)^, ri') acting on the i^^ factor. For the 
trivial bundle, we can use P° = ^-y^ (or ^^y^), or more simply just the 
identity. Because of the additivity property of winding numbers , shown in 
section (3.1.5) , the Chern class of the projective module (|4.12| ) is trivially 
equal to ±A^ [see section (3.1.5) for details] . 



4.1.3 Fuzzy Monopoles 

The algebra A generated by nf is the full matrix algebra of {21 + 1) x (2/ + 1) 



matrices . Fuzzy monopoles are described by projectors {p\f^^EA) 



which as l^oo approach We can find them as follows . 

For = 1, we can try (l + r.n''^)/2 , but that is not an idempotent as the 
n'^'s do not commute. We can fix that though : since (t.L)^ = /(/ + 1) — t.L, 
'jr = ;_|_i/2 (^--^ + i) squares to 1 as first remarked by Watamuras [T^Q. 



Hence 

p« = i±^. (4.13) 

There is a simple interpretation of p^^\ We can combine L and r/2 into the 
SU{2) generator i?^^) = L + f/2 with spectrum k{k + 1) {k = I ±1/2). The 
projector to the space with the maximum k , namely A; = / + ^ , is just p^^\ 
In other words we have 

„(.) = /<-"'^-(;-i/2)(; + i/2) 

^ (i + l/2)(; + 3/2)-(i-l/2)(i + l/2)' * ■ ' 



-'^AU of this was verified explicitly in section 3.2.4 
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where K^^^ =K^^\K^^^ . The proof is trivial since 7,- can be rewritten in the 
form 7. = ^(r.L + i) = ^(^(^)^ - - {ff + i) = gii - + i) , 
and therefore = ^^^^'-('-V2)(Hi/2) _ 

This last remark shows the way to fuzzify V^^^ . We substitute 

i=l 

for 7?^^-* and consider the subspace where K'^^^'^=K'^^\k'^^^ has the maxi- 
mum eigenvalue kmax{kmax + 1), kmax = ^ + N/2 . On this space (Z + 
has the maximum value (/ + l/2)(/-|-3/2) and f^^^L is hence / . Since f^'^Kn^ 
approaches r^'^n on this subspace as Z ^ 00, p^^^ is just its projector: 

Hk^kmaxi^maxikmax + 1) ~ k{k + 1)] 

p^~^^ comes similarly from the least value kmin — I — N/2 oik. [We assume 

that 21 > N.] 

We remark that the limits as l^oo of are exactly and not 

say times another projector. That is because if f^^\L are all /, then 

-f{«).'f(j) — 1 for all iy^j and hence k^ax — I + y- ^ proof goes as follows. 
Vectors with = l{l + 1)1 can be represented as symmetric tensor products 
of 21 spinors, with components Tai-aar The vectors with r^^^.L = 11 as well 
have components M,^,.bi...bi\r with symmetry under exchange of any with 
Qj or bk- So they arc symmetric under all exchanges of bi and bj and have 
(^ + £^)2 = 2,r«.rW = l. 

A much more straightforward proof starts by remarking that K^^^'^ — 
Z (Z + 1) + E£i L.t^^ + e5=i ^ ^ , from which one concludes that is 
maximum when all the products L.'n^' ,i — 1,N and , iy^j , h j — N 

are maximum. But LM^^ — (L + ^)^ — + 1) — | can take only the two 
different values I and —l — l, whereas ~ |('^ + ~ I ^v^i 

take the two values 1/4 and —3/4 , so that K'^^^'^ is maximum for L.f(^) = Z 
and f^).f^i) = 1 and it is given by K^^^"^ = (/ + N/2)(l + iV/2 + 1) . 

Having obtained , we can also write down the analogues of P*^^^^^^ : 
they are the "projective modules" 

p{±N)^2-^^2- ^ (^^a^^a2,..,a^N) : a,eA), (4.17) 
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and are the noncommutative substitutes for sections of vector bundles. 

If (oi, 02, a2iv) is regarded as a column, then column dimension of 
pi±N)js^2^ is L + l=2(/±f ) + 1 , as and p^"^) project down to the 

subspaces with kmax = I + N/2 and fcmm = I — N/2 respectively , and its 
row dimension is M + 1=2/ + 1 , as all the a^'s are in A = Mat2i+i ■ Their 
difference is ±A^. This means that p(±^)A2^ can be identified with Hl m of 
ref||^ where of course L — M = ±N. In particular angular momentum acts 
on p*^^^^A^^ via K^^'' on left (they commute with p^'^'^^) and —L on right, 
while there are similar actions of angular momentum on Tii.M [see ref [^]. 



4.2 Fuzzy cj-Models 



The projectors ( 4. Ill ) also describe nonlinear a-models. To see this, consider 



the projector (1 + ts)/2 and its orbit {/iPW/i^i : heSU{2)} . This 

orbit is clearly , as P° is Ts up to a constant matrix . If now we substitute 
for h a field g on with values in SU{2), each gV^^^g'^ describes a map 
from to . The second is the above orbit . This 5^ is a cx-model field 
on with target space and zero winding number. (Winding number is 
zero as g can be deformed to a constant map). 

For winding number 1, it is appropriate to consider the orbit of V^^^ = (1+ 
fh)/2 under g. For fixed n, as g{n) is varied, the orbit {g{n) ^^'^^^^^ g{n)^^} is 
still because its points g{n) g(n)~^ are still invariant under the right 

U{1) action g{n) — >g{n)h, of course hE.U{l) is now generated by the Pauli 
matrix in the fixed direction n , namely h = exp{i6Tn/2) with r„ = Tn{n). 
Finally as n is varied , we get a map S^^S^. (More correctly we get the 
section of an bundle over S^). 

For winding number ±A^, we can consider the orbit of under con- 

jugation by (7®^'s where 

g®^{n) = g{n)®g{n)® ■ ■ ■ (S)g{n) {N factors). (4.18) 

Here the ith g{n) acts only on t^^\ 

In the fuzzy versions of cr-models on with target , g becomes a 2x2 
unitary matrix u with Uij&A. Therefore uE.U{2{2l + 1)) . ( We can impose 
detw = 1 , that makes no difference ). An appropriate generalization u®^ of 
g®'^ can be constructed as follows . If C and D are 2x2 matrices with entries 
Cjj, Dij&A, we can define Ca and aD by {Ca)ij = Cija and {aD)ij = aDij. 
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Let C^aD denote the tensor product of C and D over A where by definition 
Ca®xD = C^A_aD . This definition can be extended to more factors . 
For example, C®aD®aE has the properties Ca®AD®AE = C®ao.D(S>aE, 
C^aDq^aE = C®AD®AaE . Then : 

= u^au®a ■ ■ ■ Oam ( N factors). (4.19) 

( 4.191 ) is the fuzzification of (|4.18 ). We can understand this construction in 
famihar terms by writing u = l2®2'3'0 = ''7i'2/x(«/x£A) where tq = 1^ 



[Greek subscripts run from to 3, Roman ones from 1 to 3]. Unitarity 
requires that 



a; ^ at. (4.20) 

In this notation, u®aU = T^^r^a^ay, ®{=®c) denoting Kronecker product. 
It is also T^^^^'a^Ty.^'^^ay in an evident notation. Proceeding in this way, we 
find, 

u®AU®A ...®AU = r^')aMi^^«M2 • • • ^i?«Miv (4-21) 



It is unitary in view of ([4.20| ). 

The significant point here is that is a matrix with coefficients in A 
and not A(S)A(8> . . . 0A as is the case for u®u®u . . . ®u. We remark that g®^ 
can also be written as g®A9®A9 ■ ■ ■ ®a9 (^ factors). It is then a function 
only of n and has the meaning stated earlier. 

The orbits of under conjugation by u'^^ are fuzzy matrix versions of 
(T-model fields with winding numbers ±A^. [Here we take p*-''-* to be (l + r3)/2 
say and to be u itself. Henceforth our attention will be focussed on 
AT 7^0.] 

4.3 Chiral Anomaly On S| 

4.3.1 Winding Numbers for the Classical Sphere 

What about formulas for invariants like Chern character and winding num- 



ber? The ideal way is to follow Connes [|T^, [T^, |3T|, ^ and introduce 
the Dirac and chirality operators 

P 

7 = a.h (4.22) 
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where cxj are Pauh matrices, J = —i{rx\/) + f is the total angular momen- 
tum and h = r/\f\. The two equations in ([4.22|) are essentially equations 



( |3.32| ) and ( p.23| ) respectively which were derived in the last chapter . The 
important points to keep in mind here are the following : 

i) 7 commutes with elements of A and anti-commutes with 

ii) 7^ = 1 and 7"!" = 7. 

The Chern numbers (or the quantized fluxes) for monopoles then are 
±N = -^ f rf(cos^)Arf0Tr7P(±^) [D2^,V^^''^] [V2^,V^^''^]{n). (4.23) 
To prove equation ( 4.23 ) one can first remark that [V2n„V^^^^] = -iaidi{V^^^^) 



where we have crucially used the fact ^^('P^^^'*) = . Next one shows that 
rp^^pi±N)^j^^^^pi±N)^2 ^ _2zei,fcnfcTrP(±^)ai(p(±^))9,(p(±^)) by comput- 
ing the trace over the Pauli matrices cTj. The remaining trace is only over 
the Pauli matrices rj*'' . Putting this last equation in (|4.23|) gives 

±N= — [ TrP(±^)rfp(±^)Adp(±^), (4.24) 
2Tci J 



which is exactly equation ( |3.37| ) of chapter 3. In arriving at ( |4.24| ) we have 



used the identity —eijknkd{cos6) Ad(j) = driiAduj . In equation ( |3.38|) we have 
already computed explicitly the RHS of ([4.24|) , for the case = 1 , and 
found it to be equal ±1 . For the case > 1 , the projector 'p(='=^) is given by 
equation ( |4.11j ) . It is the tensor product of projectors and therefore 
by using the additivity of Chern classes , shown in section (3.1.5), the RHS 
of ( [4.24|) must be equal to ±A^ in a trivial manner. 



These numbers do not change if p(='=^) are conjugated by g'^^ and there- 
fore can be thought of as soliton winding numbers. The proof is that of the 
stability of the cyclic cocycle ( [4. 2 3D under deformation of which was 

given in detail in chapter 2 . 



4.3.2 Winding Numbers for the Fuzzy Sphere 

The fuzzy Dirac operator D and chirality operator F are important for writing 
formulae for the invariants of projectors. There are proposals for D and F 
in 1^, ^, 1^, 0, ^ |T0| , we briefly describe those in [1^] . They were already 
studied in great detail in chapter 3. There is a left and right action ("left" 
and "right" " regular representations" = n(A) and A'^ = 11° (A)) of A on 
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A: b^a = ha and h^a = ab, {b, a G A, b^'^&A^'^) with corresponding angular 
momentum operators Lf = Lj and and fuzzy coordinates 



j^R _____ 

and y^^^^Q- D and T are given by equations ( ^.691 ) and ( |3.67D respectively, 
namely 



nf 



g.L^- 1/2 
1 + 1/2 



(4.25) 



Identifying A^ as the representation of the fuzzy version of A, we have as 
before, 

Tb^ = b^r, 

TD + DT = 0, 



rt 



(4.26) 



The carrier space of A-^'-^, T)2w and T is A^. When are also included, it 
gets expanded to ^4^'^^^' as r^*) commute with a. Note that commute 
with r, as the n's in ( [4.11|) become n^'s under fuzzification or equivalently 
the L's in ( ^.15| ) are being identified with L^'s . 

We now construct a certain generalization of ( [4.23|) for the fuzzy sphere. 
It looks like ( [4.23| ), or rather the following expression 



-Tr„ 



1 



2w\ 



±N 

\1^2w\ = Positive square root of P^iu'^aw) 

where J^2w = ^^2«,/|^^2«;| [H, H l^, H, H- It is equivalent to (g^H). 
It involves a Dixmier trace Tr^ and furthermore the inverse of \T>2w\ ■ The 



(4.27) 



highly non trivial fact that ( [4.27|) is exactly equation ( [4.23| ) is shown explicitly 
in example 6 of chapter 2 . 



But the massless Dirac operator on A 



2{N+l) 



has zero modes and therefore 



|D2u;| has no inverse. An easy proof is as follows. We can write the elements 



^AU of these notations were introduced in chapter 3. 
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of A^^^^^' as rectangular matrices with entries ^xjEA (A = l,2,...,2^;j = 
1,2) where A carries the action of t^^^^s and j carries the action of a. The 
dimensions of the subspaces U± of A^*^^^^ with F = ±1 are 

[2(/±l/2) + l][(2/ + l)2^], (4.28) 

which can be proven as follows . The first factor is the row dimension of 
U± in the sense that it corresponds to the coupling of a/2 and —L^ , in 
other words to the index j of ^xj ■ It is deduced from the fact that T = 
+ 1)2 - (/ + 1/2)2] ^ + !)-(/ + 1/2)2] ^i^g^g ^ the 

eigenvalue of {—L^ + . But since j = l±l/2 , we have T\j=i±i/2 = ±1 

which defines the subspaces U± with row dimensions 2(/±l/2) + l . The 
second factor in (4.28) is the column dimension of U± which corresponds to 
the coupling of J2iLi ^'•^V^ and L. 

T)2w anticommutes with T. So if D2^'' is the restriction of 'D2w to the 
domain = ^2w\u+ '■ U^, its index is dim f/+ — dim f/„ = 

2[(2/ + 1)2^]. This is the minimum number of zero modes of T)2w in U+. 
Calculations 0, 10 1 show this to be the exact number of zero modes, T)2w 



having no zero mode in ?7_. 

In any case, D2^'' and so T)2w have no inverse. So we work instead with 
the massive Dirac operator T)2wm = ^2w + (m ^ 0) with the strictly 
positive square Dg^^ = D^^ + rn? and form the operator 

= (4.29) 

I ^2w'm I 

where 

|D2^m| = Positive square root of T)\^^T)2wra , fL = fm, /m = 1- 

(4.30) 

Consider ^-^p^^^ fmP^^^ where we pick p^'^^ and not for specificity. 

It anticommutes with T. Let V± = p^^^U± be the subspaces of monopoles 
wave functions with winding number N and chirality ±1 . It then follows 
that the index of the operator 

fL^' = (4.31) 

restricted to V+ is 2[2/ + 1 + A^]. The proof starts by remarking that , by 
construction, only the matrix elements < p^^'^U-\f^^\p^^^U+ > exist and 
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therefore /^+^ is a mapping from y+ = p^^^Uj^ to = p^^^U^ . Hence 
Indexfj^^ — dimV^ — dimV_ . But since p^^"* projects down to the subspace 
with maximum eigenvalue kmax = I + N/2 of the operator K^^^ = L + 
EiIir(*V2 , V± has dimension [2(/±l/2) + 1][2{1 + N/2) + 1] and so the 
index is 

Index fj^^ = 2{2l + N + 1). (4.32) 
In the same way , the index of the adjoint 

fL^'' - fL-' - (4.33) 

which is clearly a mapping from V_ = p^^^U^ to = p^^^'Uj^ , can be 
computed to be -2 [2/ + 1 + A^],i.e 

Index f^^ = -2(2/ + N+1). (4.34) 

We may try to associate the index of say with the winding number 
N. But that will not be correct: this index is not zero for N — 0. The source 
of this unpleasant feature is a set of unwanted zero modes. 

The presence of these zero modes can be established by looking at fj^^ 
more closely. /^^^ and F commute with "total angular momentum" J = 

— + J2i ■'-i' + ^ while F anticommutes by construction with . 
So if an irreducible representation of J with = j{j + 1)1 occurs an odd 
number of times in V^ + V^, + must vanish on at least one of these 
(2j + 1)— dimensional eigenspaces. The remaining (2j + 1)— dimensional 
eigenspaces can pair up so as to correspond to eigenvalues ±X^0 and get 
interchanged by F. The proof lies in the fact that if Xj^O is the eigenvalue 
of the operator + associated with the eigenfunction ipj , then — Aj 
is also an eigenvalue of + but with the eigenfunction Ft/jj . In other 

— * 

words the j IRR of J occurs twice corresponding to the non zero modes 
and —\j respectively . Hence if this j IRR comes unpaired , it must only 
correspond to zero modes . 

There are two such j, both in = p^^^U^. They label IRR's with 
multiplicity 1 and are its maximum and minimum j^^^ — 21 + and 
We can see that their eigenspaces have F = +1 as follows: the angular 

momentum value of -L^ + Z^i ^ in p(^) A^^^"""^^ is Z + A^/2 so that the angular 
momentum value of —L^ + | must be Z + 1/2 to attain the j— values j^^^ 
and 
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A further point is that since (2jW + 1) + [2(^) + 1] = 2(2/ + + 1) 
is exactly the index of fj^^ found earher, we can conclude that there are no 
other obligatory zero modes. Indeed every other j labels IRR's of multiplicity 
2, one with F = +1 and the other with F = — 1. 

The zero modes for j^^^ are unphysical as discussed by Watamuras^, [ID 



there are no similar modes in the continuum. If we can project them out, the 
index will shrink to 2^^^ + 1 = N, just what we want. So let tt^-^'^'^ be the 
projection operator for constructed in the same fashion as p^'^\ namely 

o-(A.)) ^ n,y,w[/^-j(j + i)] . . 

n,w(-)b^^Kj(^) + i)-j(j + i)]' ^ ^ ^ 

It commutes with p'-^^ since p^^-* commutes with J. In fact, p^^^tt^-^'^'^ = 
since if j is maximum, then so is k. We thus find that the projector 

n W = p(^) [1 - 7r(^-'"')] = p(^) - 7r(^-'"') (4.36) 

essentially projects out the subspace with j = j^^^ . It commutes with F 
too. Let 

ft' = ^n(^)/^n(^)l|I (4.37) 

where /^-"^ = fj~^. Then (restricted to V+) has the index we want. 
This is obvious from the construction . It is however very instructive to 
compute this index explicitly . 

By equation ( |4.37| ) , the operators admit only the matrix elements 
< n(^)if^A2'"^''|/i^)|n(^)if^A2'"+^' > and therefore are mappings 
from V± to . Hence the operators fm'fm^ and fm^fm^ are mappings 
from V+ — >Vj^ and V- — >V- respectively . It is next not difficult to show 

Trv f(-V(+) - Try /(+)/(") = 

y+Jin J in ' V-Jm Jm 

(4.38) 
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One can infer from this result that both Z^-'/^-' and fm^fm^ have the same 
non zero eigenvalues . fm^fm^ has further the zero eigenvalues corresponding 
to the minimum of the total angular momentum J . The other zero 

modes corresponding to the maximum j^^'^ = 21 + ^^^^ of J are being 
removed by construction from V+ . Hence the index can be put in the 
form 



2 2 

Trv^ 1 — Trv_ 1 = N = Index of . 

(4.39) 

This is because Try^l — Trv_'i- = dirnV^ — dimV^ = [diTnV-^. — {2j^^^ + 
1)] — dimV- from which the desired result follows trivially by using equation 

(EH)- 



4.3.3 Fredholm Module and Chiral Anomaly 



We want to be able to write ( [4.39|) as a cyclic cocycle coming from a Fredholm 



module |]T6|, [T^, |4|, [3^, ^ |2^ . The latter for us is based on a representation 
S of A^®A^ on a Hilbert space, and operators F and e with the following 
properties: 



{^) Ft 



F, 



F2 

2 



= 1. 

1, eT,(a) 



F = -Fe 



(4.40) 
(4.41) 



where aeA-^^A^. [This gives an even Fredholm module, there need be no 
e in an odd one.] We choose for E the representation 



E : a — > Ti(a) 



a 
a 



(4.42) 



on A 



2(N+1) 



fm 





1 





(4.43) 
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Introduce the projector 



[ i^nw 



Then 



Therefore, 



But since HTl 



N)\2 



fi-)f(+) \ 

/w/i") • 



Index of = Tr e [p(^) - (pWFP^^))^]. 



(4.44) 

(4.45) 
(4.46) 



Index of /, 



{+) 

m 



_pW[F,pW]2pW, (4.47) 
AT = -Tr eP(^) [F, P^^)] [F,p(^)]. (4.48) 



This is the formulation of ( [4.39|) we aimed at and is the analogue of ( |4.23|) 




It is worth remarking that we can replace e by | ^ |! j here since eP^^^ 



p{N)_ 



In JV)^2(^+i) well, the unwanted zero modes correspond to the top 
value j*-"^-* = 21 — of "total angular momentum ". This can be seen by 
recalling that fuzzy monopole wave functions belonging to A^'^^^' have 
the minimum eigenvalue kmin = ^ ~ ^ of the operator i?*^^) = L + YliLi 
Hence by coupling —L^ + | to K^^^ , one obtains the positive chirality 
eigenvalues 21 — , 21 — ^^^^ ^^^^ and the negative chirality 

eigenvalues 21 — , By inspection all these eigenvalues 

occur twice , corresponding to both chiralities , except for the first and the 
last . Once the top eigenvalue = 21 — is suppressed, the remaining 

obligatory zero modes , have multiplicity and T = —1. Let tt*^-'' be 
the projector for the top angular momentum. Then can be projected 

out by replacing p^"-^) by 



n(-^)=p(-^)[i 



TT 



(4.49) 



but now 



j^TT^ , since can be obtained in this case in a 



variety of ways , by adding kmm and / + ^ like we did above , or say , by 
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2 which is not in ^2(^+1) have a total angular 
^)|] . Substituting H^"^) for n(^) in (^M) , we define P^"^) 



adding fcmm + 1 and / 
momentum j*^ 

and then by using ( [4.48[ ) can associate — too with an index. 



4.3.4 More About Fuzzy cr-Fields 

There is the topic of fuzzy cr-fields yet to be discussed in this section. We first 
note that in u defined earlier, is to be identified with a^. Let us extend 
and g^^ from A^"' and A''' to A^''^^^^ = A^'^^C^ and A^""^' = ^l^^^C^ 
so that they act as identity on the last C^'s . In this extension we are 
simply including the effects of spin | . We also extend them further to 
A2(-+^)g3A2^"^^' ^ A2'"^^'®C2 and A''""^'' ®A''''^'' ^ A'''^'®^ so that 
they act as identity on these last C^'s. This last extension is to take care of 
the effects of the representation S defined in equation ( ^4.42| ). Define also 

Q{u) =u^^Q{u^^)-' (4.50) 



for an operator Q{= <5(1)) on A^^^'©A^™^\ The right hand side of (4.48) 



is invariant under the substitution P^^^^P^^\u) without changing F. So 
P^^\u) is a candidate for a fuzzy winding number N a- field in the present 
context whereas previously it was p^^^ (u) . 

But we must justify this candidacy by looking at the continuum limit. In 
that limit, vr(^-^"')^7r(^'"^) say and n(^)-.nW = - vr^^'"'). 

The stability group of p(^) under conjugation by g'^^ is as before U{1) at 
each n. Now it is obvious that vr^-'''^'^ projects down to those states where 
any one of {L^ + ^)^, {L^ + |)^, {L^ — L^Y has the maximum value. By 
this observation it is not difficult to find 

I 1 



I 

1 



^ U{N)) i (-(iV)) 



1 



1 



and 



nF _nF,R^U^-y) ^ J—^U^^^). (4.51) 

1 + T 



■^In the case of tt-'' ' considered above, j'-^-' was obtainable only in one way , namely 
by adding kmax and I + i and hence p'^^V-'' ' — tt-'* 
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TT 



oo 



and therefore 



= and n^'^ = ,^ . They both tend to n in the hmit 

/ — >oo, so that the last equation in ([4.51|) trivially reduces to the defining 

equation of S^. On the other hand , the other two equations in ( |4.51| ) reduce 

to r'^^^nn^^ ^ = ann^^ ^ = vr^ ^ ■* and hence vr£^ ^ can be identified with 
piN+i) ^ namely 

-'. = (ni±|5^)ii^, (4.52) 

1=1 

nL^)=p(^)l^. (4.53) 

From this result it is clear that H^^) has the U{1) stability group at each n . 
(g) is a cr- field on and p(^) (m) is a good choice for the fuzzy a- field. 
For winding number — A^, we propose 

pi-N) 

(u) as the fuzzy a-field. We 
can check its validity also by going to the continuum limit. As l^oo, 
p(-N)^p(-N) ^ -Qiv^ i^f^ Yias the U{1) stability group at each n. 

Next consider the product The presence of p'- allows us to 

assume that {K^^^y = kminikmin+^), kmin = I — N/2. Also we can substitute 
for 71^^^ the projector coupling K^^'' with —L^ + | to give maximum an- 
gular momentum. This projector can be found following the same procedure 
as above . 

71-0'* '^^) projects down to those states where (L^ + has its minimum 
value whereas (L^ + f )^ {L^ — L^)^ have their maximum values . This 
fact can be written as the requirement 

a.n TT^-^ ' = 
and 

n^.n^'^TT^^-'-"') = ^vr(^-''"'). (4.54) 

These equations reduce in the continuum limit to r^^^nn^^ '^'^ = —ann^^'^^'^ = 
— vr^'^^-* and n^vr^-'' ^''^ = n^^^ '^'^ . Hence vrii' ^''^ can be identified with 




' = (11 7, )^^, (4-55) 
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So ^■') as /— >oo can be identified with ^■'^r^' '^^^ and so 

n(-^) = -pi-N) _ p{-N)^(j('^^) 



This clearly has the U{1) stability group at each n which shows that P^~^\u) 
is a good fuzzy cr-field for winding number —N. 



4.4 Dynamics for Fuzzy cr-Models 

4.4.1 Belavin-Polyakov Bound in the Fuzzy Setting 

The simplest action for the 0(3) nonlinear a- model on is 

ELi = 1, (3 > (4.57) 

where £j = —ieijkXjdk are the angular momentum operators on S^. It fulfills 
the important bound [see page 112 of the second reference of |l^ , and |l32 



S>pN (4.58) 
where A^(>0) oi—N is as usual the winding number of the map $ : S^-^S^: 
Winding number of $ = ^ J^^ dcosOdcj) ^..^^.^^^^^^ {Cj^hji^k^c) 



^ I eabc^ad^b^d^c: (4.59) 
57r J 



where we have used the identity ekpinid{cos9) Adcj) = —drikAdnp . By equation 
(|3.4CI| ) the second line in (|4.59| ) is precisely equal to ±A^ , namely the winding 



number of the field $ . 



The bound ([4.58|) is obtained by integrating the inequality 

iCi^a±e,jknjeabc^bjCk^cf>0. (4.60) 

Indeed one shows {Ci^a±(^ijknjeabc^b'Ck^cY = 2 {Ci^a)'^±Ujknieabc^a'Cj^b'C-k^ 
and therefore {Ci^aY^T^ijknieabc^a'^^j^b'C.k^c or S'>=F/?x winding number of 
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$ . Hence for winding number , one chooses the positive sign of the in- 
equahty whereas for winding number — we choose the negative sign and 
both cases lead to the bound ( [4 .581 ) . 

The inequahty ( |4.6CI|) is saturated if and only if 



(4.61) 



for one choice of sign . The solutions of ( [4.61| ) can be thought of as two 
dimensional instantons |^ . 

We now propose a fuzzy a-action using these properties of 5* as our guide. 
Consider the inequality 



[F,P(n)]^P(n) 



>0 



(4.62) 



where P{u) can be P^^\u) or P^^'^\u) and Q>0 here means that Q is a 
nonnegative operator. This is the analogue of ( 4.60 ). Taking trace, we get 
the analogue of ( [4.58[ ), 



sf= - TrP{u)[F, P{u)][F, P{u)]>N. 



(4.63) 



[F,P{u)]-^Piu)V\[F,P{u)]'-fP{u) 



The proof is similar . 

One first checks 

Next by taking the trace we obtain —TrP{u) [F, P(u)]^>=F 

For P{u) = P(^)(m) we know from equation ([4.48|) that —TreP{u) [F, P{u ^ 
N and hence we choose the positive sign of the above inequality and ob- 
tain the bound -TrP{u)[F, P{u)][F, P{u)]>N . For P{u) = P'^-^\u), 
—TreP{u)[F,P{u)]'^ = —N and the bound is obtained by choosing the neg- 
ative sign . 

The bound is saturated if and only if 



: -P(u)^Piu)[F,Piu)f^Piu). 
TreP{u)[F,P{u)f 

2 _ 



[F,P(n)]^P(n) = 



(4.64) 



for one choice of sign, just like in ( [4.61[ ). All this suggests the novel fuzzy 
(T-action 

Sf = (3fSf. (4.65) 
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4.4.2 Continuum Limit for Fuzzy cr— Models 



Qualitative remarks about the approach to continuum of Sp will now be 
made. The first is that jSp and m must be scaled as l^oo. As regards the 
scaling of (3f, we conjecture that ( [4.64| ) has no solution for finite I and that 
(|4.63| ) is a strict inequality. Choose 



A(/) = Minimum of sp) 



(4.66) 



so that 
should set 



N 



. f is at minimum. Then we suggest that we 

Minimum, oj sp ^30 



In other words , Sp = I3N- 



A(/)- 



(4.67) 



Minimum of sp 

diverges as Z— ^oo in such a way that (upto factors) 



It is our conjecture too that A(/) 



Sp *'Soo 

T 

9 

Pooig) 



( V2u,/\V2u,\ \ 

\ V2^/\V2u,\ j ' 

lim M, 

lim P{u) 

1^00 



(4.68) 



where we have let m become zero as has no zero mode. An alternative 
form of 5*00 is 



P 



dcos 



47r 



TrP, 




where the trace Tr is only over the internal indices. 

We now argue that P{u) itself must be corrected by cutting off all high 
angular momenta (and not just the top one) while passing to continuum. 
Thus it was mentioned before that state vectors with top "total" angular 
momentum j^^^-* are unphysical. Their characteristic feature is their diver- 
gence as Z — > 00. That means that once normalized these vectors become 
weakly zero in the continuum limit. In fact any sequence of vectors with 
a linearly divergent j as /— >cxd is unphysical. Such j contribute eigenval- 
ues to the Dirac operator which are nonexistent in the continuum, as one 
can verify using the results of ||, ^ for A^ = 0: the spectrum of is 
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±(j + + (1 - (j + |)2)/(4Z(Z + ^ [ggg equation dCTp ], while that 

of P2w) is ±(j + |)) J being total angular momentum. The corresponding 
eigenvectors too if normalized are weakly zero in the I — oo limit. It seems 
necessary therefore to eliminate them in a suitable sense during the passage 
to the limit. 

One way to do so may be to use a double limit which we now describe. 
Let 71^"^^ be the projection operator for all states with j>J. Let us define 



p{±N){J) ^ — 



i±^p(±^)(l-7r(^)) 



l^p{±N)^^_^(J) 



2 



We then consider the fuzzy cr-model with P^'^^'>^'^\u) replacing P(^^)('u) 
=p(±^)(i and thereby cutting off angular momenta >J. That would 

not affect index theory arguments so long as J > as the important zero 
modes will then be left intact. We are thus led to the cut-off action 



F ~ A (.nn\ 5 
(J) . 



A(^)(/) = Minimum of .j/^ ^ ^^^^^^ 

and the following suggestion: A good way to define the continuum partition 
function is to let I and J— >oo in that order in the partition function of Sp\ 
Thus we propose the continuum partition function 

Z = lim lim / dfx exp{-S^J^), (4.72) 

J— >oo Z— >oo J 

dn denoting the functional measure. The inner limit recovers the continuum 
where the contributions of vectors with divergent J should not matter, for 
this reason this method may eliminate the influence of unwanted modes from 
Z. Perhaps an equivalent limiting procedure would be to let /, J —*oo with 

Taking the limit l—>-oo with fixed J is compatible with the continuum 
description of the a-field. In that limit, becomes p(='=^). Next consider 

the vectors projected by — tt^"^)]. The effect of the last factor on the 

projected vectors is as follows: For F = 1 say, we must combine the angular 
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momentum value 1±y of K^^'^ with the value 1 + 1/2 of — + f to produce 
an allowed value j < J of any such vector. So [K^^^ + (—L^ + f )]^ = J (j + 1) ) 
= (/±f )(/±f + 1) and (-L« + 1)2 = (/ + !)(/ + |). Letting l^oo, 
we find that .n^'^^ — iR due to the factor [1 — tt^'^)], where we have used 
the fact that ^ and y^O as /— >-oo. But this is just a rule instructing us 
to set n^'^ = —n for large I for these vectors, and therefore will not show 
up in the continuum projector. The F = — 1 case is no different in the 
continuum limit. Thus for l^oo, p^'^^\u)[l — tt^'^^u)] can be interpreted as 
p(±^)(^) = g^Np(±N)[g^N]-\ the continuum a-fields. 
Let 

Pi^-)(^)(,) = lim p(^-)(^)(.) = ( '-^^'^^"'(9) ^^0,)^^^ ) . (4.73) 

Then the naive /— s>oo, m— s>0 limit of Sp^ is expected to be (upto factors) 

5oo = PTr^P!^^^('\9)[:F,P!^''^^'\gW,P!^''^^'\g)] (4.74) 
which can be simplified to 

S^ = f3j ^^^Trp(±)^(^)[P,.,p(±)^(^)][P,.,p(±)^(^)]. (4.75) 



It seems to correspond to ( [4.57] ). 



4.5 The Fermion Doubling Problem and Non- 
commutative Geometry 

4.5.1 The Fermion Doubling Problem on the Lattice 

The nonperturbative formulation of chiral gauge theories is a long standing 
programme in particle physics. It seems clear that one should regularise 
these theories with all symmetries intact. There is a major problem asso- 
ciated with conventional lattice approaches to this programme, with roots 



in topological features: The Nielsen-Ninomiya theorem states that if we 
want to maintain chiral symmetry, then under plausible assumptions, one 
cannot avoid the doubling of fermions in the usual lattice formulations. 



See equation (4.51) for the definition of and n^-^ respectively. 
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To see this , let us recall how one encounters the doubling problem on a 
4— dimensional Euclidean lattice . Our discussion and notations will follow 



that of [0 . One starts by remarking that the canonical continuum Fermion 
action in Euclidean Ad space-time 

C = ipiYd^ + m)ij (4.76) 

has the symmetry ip — ^e'^^ip as well as the symmetry when m — >0 of ip — ^e^^^^ip. 
The associated conserved currents are known to be given by = ip'j^ip and 

= '?A7^75'?/' where 75 = 71727374 • It is also a known result that in quan- 
tum theory one can not maintain the conservation of both of these currents 
simultaneously in the presence of gauge fields. 

A regularization scheme , which maintains exact chiral invariance , of the 
above action can be achieved by replacing the Euclidean four dimensional 
space-time by a 4— d hypercubic lattice of A^^ sites . Points are now being 
labeled by x!^ = am^ where a is by definition the lattice spacing . is 
a four component vector where each of the component is an integer in the 
range — y < m'^<^ . The lattice is assumed to be periodic outside this 
range . Now to each site Xm = am we associate a spinor variable ipm and the 
derivative d^ip{x) is replaced by 

-i^m.-sj, (4.77) 

where 5^,^ = 1 for /x = i/ and otherwise . With this prescription the action 
(|4.76| ) becomes 



S„. 



m,n fi m,n 



or 



J2 i'mMmn'4'n 



where 



CL 



(4.78) 



Next one can compute the propagator Smn = {M~^)mn of this action as 
follows. Let us define the Fourier transform of an arbitrary complex func- 
tion fm on the lattice by = J2m. fm^^^''~ where each component of 
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k is in the range — y < k^<^, i.e the momentum space lattice is peri- 
odic outside this range . From this definition one can derive the identities 
= iV45^,o, fm = ^Eklke-^'^"^, Emf:a9m = ^Ekfkh and 



Em fm^+s^Jm = Efe /fe^feC^*^ iv" . Heucc by writing 



1 



-l„2i7r 



fc(7Ti— n) 



(4.79) 



and using the identity (M)^„(M = i one can find that 



(4.80) 



Let us now go to the continuum by letting a — >0 and see if we get the ordi- 



nary Fermion propagator back . In this limit we set am'^ — >xf^ , 



Efe^/(0 sothat 



(M-^) 



(27r)4 m+ 'y,,sin{ap^ 



(4.81) 



Each component is now in the range — - < p^<- • It is almost obvious 
that the two different regions of the momentum space , the small momentum 
region = as well as the large momentum region = ^ , both give rise 
to the continuum propagator . To see this explicitly let us rewrite the above 
propgator by separating the integral over each component Pp in the following 
way 

= /n.^,cip./_;%i^(p,)e^^^^.^-'(^--^") 

a 

= j U^^pdp,, j dppKipp) + J'l dppK{pp) + dppKipp) 



(4.82) 



where K{pp) is the kernel K{pp 



(2^)4 



Ei^jtp lfisin{apf,)+l-fpsin{app 



Now by changing the integration variable in the first term to = Pp + ^ and 
in the last term to p^ = Pp — ^ one obtains 



^u^pdpu 



dppK{pp) + / dppK{p^ 



(4.83) 
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where K{pp) = K{pp-l) = K{pp+^) = """""l^'^i "'^ [m+ ^ E^t^p lt^sin{ap^) - 



-1 



For small lattice spacing the first term is dominated by small momenta 
Pp — >0 which leads to the propagator [m + i'y'^Pp + 0(a^)]~^ , whereas the 
second term is dominated by large momenta Pp — >0 which does also lead to 
a similar continuum propagator . It is a similar propagator and not the same 
because the minus sign in K{pp) can be absorbed by redefining the 7p and 
therefore redefining the chirality operator so that it corresponds to a different 
Fermion specie . 

So for each space-time dimension we have two different regions in mo- 
mentum space where the discrete theory ( [4.78| ) gives the continuum Fermion 
propagator. Altogether we obtain in the continuum 2^ = 16 independent 
Fermion species . This phenomenon is due to the fact that our regularization 
scheme preserves exact chiral invariance , i.e there is no chiral anomaly . 
Putting it differently the effect of these extra Fermions is to cancel exactly 
the chiral anomaly . 

4.5.2 The Fermion Doubling Problem and Fuzzy 

In this thesis a novel approach to discrete physics has been developed. It 
works with quantum fields on a "fuzzy space" Aip obtained by treating 
the underlying manifold as a phase space and quantizing it |3^, ^, ^, 



H H 0) H) mi- Topological features, chiral anomalies and a— models have 
been successfully developed in this framework |TT], using the cyclic 
cohomology of Connesfl^, [1^, [2^ . 

In this section, we propose a solution of the fermion doubling problem 
for = using fuzzy physics. An alternative approach can be found 
in p. There have also been important developments |^6|, |3^ in the theory 
of chiral fermions and anomalies in the usual lattice formulations. We will 
show that there are striking relationships between our approach and these 
developments. 

Quantisable adjoint orbits of compact semi-simple Lie groups seem amenable 
to the full fuzzy treatment and lead to manageable finite dimensional matrix 
models for quantum fields . There are two such manifolds in dimension four, 
namely S^xS^ and CP^. Our methods readily extend to S^xS^. They do 
not encounter obstructions for CP^ as well. The published work of Grosse 
and Strohmaier |jl3| on CP^ gives their description of fuzzy Ad fermions. 
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A sphere is a submanifold of R^: 



S'^{xeR':j:xj^p'}. (4.84) 

i=l 

If fii are the coordinate functions on S^, = Ui = Xi/ p, then commute 

and the algebra A of smooth functions they generate is commutative. In 
contrast, the operators nf describing Sp are noncommutative: 

The nf commute and become hi in the hmit Z — > oo. If Lj = + l)]-^/^nf , 
then [Lj,Lj] = ieijuL^ and I^-^^f = /(/ + 1), so that Li give the irreducible 
representation (IRR) of the SU (2) Lie algebra for angular momentum /. Lj 
or nf generate the algebra A = M2/+1 of (2/ + 1) x {21 + 1) matrices. 

Scalar wave functions on come from elements of A. In a similar way, 
elements of A assume the role of scalar wave functions on 5"!^. A scalar 
product on A is 77) = Tr^^rj. A acts on this Hilbert space by left- and 
right- multiplications giving rise to the left and right- regular representations 
A^ = n(A) , A"^ = n°(A) of A. For each a G A, wc thus have operators 
^L,R g j^L,R acting on ^ e A according to a^^ = a^, a^^ = ^a. [Note that 
a^b^ — (ab)^ while a^b^ — (ba)^.] We assume by convention that elements 
of A^ arc to be identified with fuzzy versions of functions on S^^. There are 
two kinds of angular momentum operators Lf and —L^. The orbital angular 
momentum operator, which should annihilate 1, is adLi = — Lf. adL 
plays the role of the continuum C = —i{r x V) . 

The following two Dirac operators on have occurred in the fuzzy lit- 
erature: 

1 - 1 

2^2g = ~[^-^ + 1]' ^2«; = --^ijkC^ihjJk, (4.86) 



where 



Jk — A; + y 



= Total angular momentum operators . (4.87) 
There is a common chirality operator 7 anticommuting with both: 

7 = 5'.fi = 7t, 72^1, 7^2a + ^2a7 = 0. (4.88) 
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[a = g,w\ . These Dirac operators in the continuum are unitarily equivalent, 
D2«, =exp(z7r7/4)p2<,exp(-27r7/4) =27^^23, (4.89) 

and have the spectrum {±^(j + 1/2) : j E {1/2,3/2, . . .}}, where j is total 

angular momentum (spectrum of JT"^ = + 1)}). 

Since 1X^20 1 (= positive square root of V^^ ) for both a share the same 
spectrum and rotational invariance, |I^2«)| = \1^2g\- Further being multiples 
of unity for each fixed j, they commute with the rotationally invariant 7. As 
they are invertible too, we have the important identity 

\J^2g\ \J^2w\ 

This is also clear from the identity T>2w = ilT^2g which can be rewritten 
as \'D2w\'^T^2wT^2g\T^2g\'^ = i\T^2w\~^lT^lg\T^2g\~^ ■ Then by using the facts 



1^^20 1 = and [7, \'D2a\\ = one can see that ( |4.9(]| ) follows easily. 

The discrete version of 'D2g is: 

D2g = -^[a.adL + l], (4.91) 



while 



{11 13 1 1 

U {i0 + i):, = 2i + ij. (4.92) 



It is easy to derive (|4.92| ) by writing 



pD2g = f-{AdLf-^^j +1, I^^J =^1, (4.93) 
AdLk + ^ = Jk (4.94) 



a\ ^ a\ 3 



2 



Total angular momentum operators. (4.95) 



We let j{j + 1) denote the eigenvalues of J^. Then for (adL)"^ = k{k + l),k E 
{0, 1, . . . 21}, if j = /c + 1/2 we get +(j + 1/2) as eigenvalue of pD2g, while if 
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j = /c - 1/2 we get -{j + 1/2). The absence of -{21 + 1/2) in (g]^ is just 
because k cuts off at 21. (The same derivation works also for I^2g)- 

The discrete version of is : = -^jkO'inf L^. is no longer 



unitarily equivalent to D2g-, its spectrum is given in P, pi) . 

The first operator has been used extensively by Grosse et al [|], H, |^ while 
the second was first introduced by Watamuras 0, [1^. It is remarkable that 
the eigenvalues ( [4.92] ) coincide exac^with those of upto j = (2/— 1/2). In 
contrast D2w has zero modes when j = 21 +^ and very small eigenvalues for 
large values of j, both being absent for Va ■ So D2g is a better approximation 

to Va- 

But D2g as it stands admits no chirality operator anti-commuting with 
it. This is easy to see as its top eigenvalue does not have its negative in the 
spectrum. Instead D2w has the nice feature of admitting a chirality operator: 
the eigenvalue for top j, even though it has no pair, is exactly zero. So the 
best fuzzy Dirac operator has to combine the good properties of D2g and 
D2w We suggest it to be D2g after projecting out its top j mode. We will 
show that it then admits a chirality with the correct continuum limit . 

The chirality operator anticommuting with D2w and squaring to 1 in the 
entire Hilbert space is 

r = rt = -^Izlll^ = 1. (4.96) 

/ + 1/2 ' ^ ' 

An interpretation of F is that (l±r)/2 are projectors to subspaces where 
(-L^ + a/2f have values (/±i)(/±| + 1) [|ri|]. The following identity is 
easily shown : 



[D2g, T] =-2i\ D2^; A = ^1 - j^f^r^ ■ (4-97) 

Now D^^ and |-D2a|(= nonnegative square root of 0"^^) [a = g,w]aYe multi- 
ples of identity for each fixed j, and F commutes with J. Hence they mutually 
commute : 

[A,B] =OforA,B = /^L , I Aa| or T . (4.98) 
Therefore from ([4.97|) , 



{D2g,D2^} = ^[Dl,T] = 0. (4.99) 
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In addition we can see that [-D|^, = [|-D2q|, -D2/3] = 0. If we define 

e2a = , on the subspace V with ; j < 2/ — 1/2, 

= on the subspace W with -J = 21 + 1/2, (4.100) 

it follows that 

ei = , 62 = e2u, , 63 = ie2ge2n, (4.101) 

generate a Clifford algebra on V. That is, if P is the orthogonal projector 
on V, 

= 0, ^ew, (4.102) 

then {ea, = 2(5afeP. 

All this allows us to infer that {63,1^23} = so that 63 is a chirality 
operator for either D23 or its restriction PD2gP to V. In addition, in view of 
( \4-.9(]i) , it has the correct continuum limit as well so that it is a good choice 
for chirality in that respect too. This 63 is exactly F introduced in equation 

dPl) • 

A unitary transformation of 63 = F and D2g will not disturb their nice 
features. Such a transformation bringing 63 = F to F on is convenient. 
It can be constructed as follows. Ca and F being rotational scalars leave the 
two-dimensional subspaces in V with fixed values of and J3 invariant. On 
this subspace, and unity form a basis for linear operators, so F is their 
linear combination. As 61,63 = F and F anticommute with 62, and all square 
to 1, in this subspace, we infer that F is a transform by a unitary operator 
U = exp{i9e2/2) of 63 = F in each such subspace. And 9 can depend only 
on by rotational invariance. Thus we can replace PD2gP and 63 = F' by 
the new Dirac and chirality operators 

Y = g(ie(j2).2)/2p'g(-ie(j2)e2)/2 

= cos9{J^){ie2ge2n^) + sine{J^)e2g. (4.103) 

The coefficients can be determined by taking traces with 623 and ie2ge2w 

We have established that chiral fermions can be defined on Sp with no 
fermion doubling, at least in the absence of fuzzy monopoles. It is , however, 
easy to include them as well. 
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4.5.3 The Ginsparg- Wilson Relation on the Fuzzy Sphere 

The Ginsparg- Wilson chiral fermion has a Dirac operator Dg^, and a hermi- 
tian chirahty operator Vg^ squaring to unity. Dgyj and Vgw fulfill the relations 

'^\w ^ gW Dg-n, gu)l { ^ gWl Dg^ } (iDgy^T^g^Dg^ (4.104) 

a being lattice spacing in suitable units. Now if F^^ = Vg^i^a Dgw) — Tg^, 
then 

= ^'gyj, ^'gl, = 1 ttud g^ = T g^(T g^ + v'gj. (4.105) 

Conversely given two idempotents Tgw and F^^, we have a Ginsparg- Wilson 

pair Dgm = ^ ^gwO^gw + ^'gw) ^ gw 

Our fermion on S^^ admits such a formulation, except that we choose 
F + F' as the Dirac operator. Thus just like ( 4.96|) , we can also construct a 
left- chirality operator anticommuting with D2w'- 

= r^t = ^ + V2 ^L2^-^^ .^^^Qg^ 

Z + l/2 ' ^ ^ 

[see equation ( p.6(: )] . Then the Ginsparg- Wilson Dirac operator on the fuzzy 
sphere is 

Dgwl^'p] = ^D2g 

aDg^[Sl] = F(F + F^) 
where 



P 



1 • 



(4.107) 



We have also made the identifications 

TgiufS^] = F 

gw 



r'iSl] = F^. (4.108) 



There is a beautiful structure underlying the algebra K of the idempotents 
F, F^. It lets us infer certain salient features of D2g, but the results transcend 
S|n. We shall now briefiy describe it. 

Introduce the hermitian operators 

ri,2 = i(F±F^),F3 = ^[F,F^],Fo = ^{F,F^}. (4.109) 
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Then one can directly check the following assertions 

(a) Tm {ni 7^ 0) mutually anticommute . 

(b) To and commute with all T\ and are in the center of K. 

(c) + = 1 = ri + Fq so that T\ do not have eigenvalues exceeding 
1 in modulus. 

(d) r? = |(i + ro),ri = |(i-ro). 

Since 

:[P-2i(i + l)-^], (4.110) 



2(/ + i)2l 



2' 

the vector space we work with can be split into the direct sum (BVj of 
eigenspaces Vj of Fq with distinct eigenvalues cos29j. Then 'KVj — Vj 
because from property (6) above Fq commutes with all F^ and therefore 
commutes with K . On Vj, the possible eigenvalues of F3 which is given 
explicitly by 



pjia + 1) 

^3 = --^^^- (4.111) 

are of the form ±sin2^^j by (c) and those of F12 are ±cos9j, ±sin6j by (d). 
Both signs do occur on Vj unless |Fo| is 1 and hence F3 = 0. 

For if Fst^O on Vj, IFqIt^I and hence Fi^2 have no zero eigenvalue and 
rm/|rm| generate a Clifford algebra there. The result follow from the identity 

F„ F„ 

" fr„,-— ^ = -F^, m^n on Vj for m, n = 1, 2, 3. (4.112) 



\ n\ \^ 

But if |Fo| = 1 and F3 = for j = Jq, then Fi or F2 is also zero on V^q and 
we cannot infer that the nonzero F^ has eigenvalues of both signs there. We 
can only say that its modulus \Tm\ has its maximum value 1 there. 

The spectrum and eigenstates of the Ginsparg- Wilson Dgyj — rD2g can 
also be found. Thus aDg^^ = 2{rf + F2F1). It can be diagonalised since 
[r2,r2Fi] = and therefore [TlDg^] = . On V^, F? = [^D2g]^ = cos^ejl 
and hence F2 = [—^^(r{L^ + L^)]'^ = siri^Oj by property (c) above . 
So (F2Fi)^ = — F^F^ = — cos^ 6*^ sin^ or spectrum of aDg^j on Vj is 
= l + exp{±2iej). 

As for its eigenvectors,, we can proceed as follows. On Fi or F2 = 
so that aDgw is in any case diagonal. On Vj (j^jo) , |F2|7^0 and 



aDgy, = e 



r2 



F^ + i|sin^j|Fi eW4. (4.113) 
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So if Fitpf = ±{cosej)7jjf, then 



± 



aD. 



gw 



e '|r2|4-0± 



= 2cos6je 



sin 0j 



e *|r2|4^± 



(4.114) 
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Chapter 5 
Fuzzy CP2 



The central claim of this thesis as we have already stated is that regular- 
ization of quantum field theories (QFT's) can be achieved by quantizing 
the underlying manifold , in other words replacing it by a non-commutative 
matrix model or a "fuzzy manifold". Such discretization by quantization 
is remarkably successful in preserving symmetries and topological features, 
and altogether overcoming the fermion-doubling problem . In the case of 
treated in the last two chapters , all of these properties were proven explicitly 
to hold . 

In this chapter however , we will work out in detail the "fuzzification" of 
the four-dimensional CP^ and its QFT's . Commutative CP^ is known to 
be not a spin manifold , but rather a spiuc manifold which introduces new 
unique features on its Dirac operator . The precise meaning of being spiUc 
manifold and these new features will be explained in the following . Fuzzy 
CP^ will also be formulated . 

CP^ , like , elegantly escapes (almost) all obstructions against fuzzi- 
fication by quantization . This will also be the case for higher CP-^ = 
SU(A^-|- 1) /U(A^) , and for that matter for all co-adjoint orbits of Lie groups 
as was mentioned in the introduction . CP^ is quantized in a standard fash- 
ion by quantizing certain WZW Lagrangians of nonlinear fields with CP^ as 
target spaces . The resultant fuzzy spaces are described by linear operators 
acting on finite dimensional irreducible representations (IRR's) of SU{3) . 
In addition, the elements of the Lie algebra define natural derivations, and 
that helps to find Laplacian and the Dirac operator. In principle one can 
even define chirality with no fermion doubling and represent monopoles and 
instantons as we did for the case of . 
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In the literature, there are several studies of the fuzzy physics of CP^ = S"^ 
i, I, I, |, 0, |, |, |T0|, 0, III, ig while there is also a rigorous and beautiful 
treatment of CP^ by Grosse and Strohmaier |]13|. The present work develops 
an alternative formulation for CP^. It is close to earlier treatments of S*^ 



|12| and seems to generalize to other quantizable orbits. It is eventually 
equivalent to that of |13] as we show, so that the first study of CP^ is of that 
reference. 

Throughout this chapter , we treat CP^ as Euclidean spacetime even 
though the possibility of treating it as spacial slice is also available. Section 
1 explains the basic properties of CP^. We quantize it in Section 2 to produce 
the fuzzy CP^. CP^ is not a spin , but a spin^ manifold , and that has exotic 
consequences for the SU{3) spectrum : left and right chiral modes transform 
differently under SU{3) . Section 3 will be devoted to the formulation of the 
precise meaning of the statement that CP^ is a spiuc manifold . 

In non-commutative geometry (NCG), a central role is assumed by the 
(massless) Dirac operator . Section 4 reviews it for = CP^ while Section 5 
studies our approach to it in detail for CP^ . Analysis shows its equivalence 
to the Dirac-Kahler operator |jT3|. Section 6 studies the fuzzy analogue of 
the Dirac operator. This work is greatly facilitated by coherent states and 
star {-k) products. The necessary material, contained in [l^, is reviewed 
and used to discretise the continuum material for both = CP^ and CP^. 
Incidentally the * product is particularly useful for formulating fuzzy ana- 
logues of important continuum quantities like correlation functions . Last 
section is a breif description of fuzzy actions. 



5.1 Elementary Definitions of CP^ 

CP^ is a Kahler manifold describable in different ways . It is a Kahler 
manifold because it admits a metric ds"^ = g^idz'^dz^ which is Kahler , i.e the 
two-form K = ^idz'^ /\dz^ is real { K = K ) and closed ( dK = ) . This 
metric can be chosen to be the Fubini-Study metric , defined by the real-two 
form 

j _ 2 

K = -dadiLn[l + J2 z''z"]dz''Adz\ (5.1) 

2 Q=l 
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where = x + iy , = z + it. This leads to the metric 

:i + r2)2 + 1 + r 



"s^^-^T^^'^^^, (5.2) 



where ai , i = x,y, z are left-invariant 1— forms on S'^ defined by the following 
equations ai = e^r and satisfy the realtions dax = 2ayAaz, cyclic . The e* 
in here are the vierbeins of the 4— dimensional euclidean space-time in polar 
coordinates. For example , = dr = ^{xdx + ydy + zdz + tdt) , where r is 
defined by z^ = rcos^expj^ip + (p) and z"^ = rsin^exp^^ip — cj)) , 9 , ip , cj) are 
the other polar coordinates . Similar expressions for e* , z = 1,2,3 can also 
be written |^ . 



As mentioned above , CP^ is describable in a variety of different but 
equivalent ways . For example it can be described as the orbit of the Lie 
group SU{3) through the hypercharge operator Y or its multiples (the group 
SU{3) has eight generators ti which satisfy [ti,tj] = ifijktk ; the hypercharge 
is F = -^ts ; in the fundamental representation of SU{3) ,(3), the generators 

are = , where the are the eight Gell-Mann matrices ). This means 
that 

= {gYg-^; for all gESU{3)}. (5.3) 

As the stability group of Y { Y in the fundamental representation is given 
by y = |(1, 1, -2) ) is clearly f/(2): 

One can check that = ■u^^<J=>m^m = mm^ = 1 and therefore u is in the 
defining representation of U{2) . The phase detu~^ provides for us a special 
embedding of U{2) in SU (3) . We have then 

CP2 = SU{3)/U{2). (5.5) 

As its name reveals, it is also a projective complex^ space , in other words 
the space of all complex lines in which pass through the origin. If 
^ E — {0}, a point of CP^ is defined as the equivalence class (^) = (A^) 
for all A G - {0}. 

CP2 = {(^) = (AO, for all ^eC^ - {0} and all XeC^ - {0}} (5.6) 



^It is complex because its transition functions arc holomorphic. 
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One can pick from each class a representative element which is obtained 
from the corresponding C, by the choice A = {j2i=i l^iP) ^ • One can then 
easily verify that |6riP = 1 which is clearly still invariant under a U{1) 
action . In other words the above choice of A will not select a unique point 
from the class < ^ > but rather it will select a whole subclass < e'-^^r > ■ 
We have then 

CP' = m = {^re''):j:\U' = ^}, 

i=l 

= SyU{l). (5.7) 

In (|5.5|), we can first quotient SU{3) by SU{2). That is just the above 
5*^. This can be seen as follows . gESU{3) acts on z = {zi, Z2, Z3)eC^ in 
a natural way : z^ = Z]j=i dij^j ■ This SU (3) acts also transitively^on the 
sphere = {z E : ELi l^i? = 1} of ^3 . At (1,0,0) G ^^ the stability 
group is clearly SU{2) which shows the result. In this way we see that 

CP2 = [SU{?,)/SU{2)]/U{1) = SyU{l). (5.8) 

The eight Gell-Mann matrices form the basis for the real vector space of 
traceless hermitian matrices {Z^Li 'Ci-^j) = i^iy-^^s) ^ R^} ■ So CP^ is 
a submanifold of in the sense that any element gYg^^ of ( |5.3| ) can be 
clearly put in the form gYg~^ = X^Li ■ 

There is a beautiful algebraic equation for this submanifold . It goes as 
follows: Let dijk be the totally symmetric SU (3)-invariant tensor defined by 

4 

{Afc, A/} = -5ki + 2dkim^m- (5.9) 

Then 

^GCP2 ^ Y.d,,u^^^j = -\^k. (5.10) 

Proof A pleasant manner to demonstrate this result is as follows . The 
symmetric S'[/(3) invariant product , M V iV , of any two traceless hermitian 
matrices M, is defined by 

MVN = i{M, A^} - ^Tr ({M, N}) , (5.11) 
2 o 

^Because any two points of can be related by an element g^SU{i). 
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For 

^ = ExA N = J2r^,X,, (5.12) 
equation (|5.11|) will reduce to 



ix"^ V)i = dijkXjVk, (5.13) 



where now M \/ N = J2i{x v)i^i ■ 

For M = N = Y the above product , (|5Tl| ), fulfills 



MVM = -^M (5.14) 



Now by SU (3) invariance of the V product^ , equation ( p.l4| ) is also valid at 



the point M = N = gYg ^ . In other words ( ^.14| ) is valid for all points of 



CP2 = {gYg-'^} . Parameterizing CP^ as M = gYg~^ = Ei^Ai 

, one can 

check that (|5.14| ) reduces to dijk^i^j = ~^^k , that is to ( p.lO| ) . 

Conversely, any matrix M satisfying equation (^.14 ) should be in the 



orbit of Y . This can be checked by first diagonalizing M by an SU{?>) 
transformation g while keeping ( |5.14|) , then scaling the result Mo = g M g~^ 
to D = —3Mo to reduce — | to 1, we have then D y D = D and D = 
diag(a, 6, —a — h). Comparing the difference of the first two rows on both 
sides, we get a — 6 = (a + 6) (a — 6). If a = 6, then D = 2,aY . If a 7^ 6, 
then a + h = 1. Substituting back in the first row, we get — a — 2 = 0, or 
a = 2 or —1. So D = diag(2, —1, —1) or D = diag(— 1, 2, —1). Both become 
proportional to Y after Weyl refiections, establishing the result. 

5.2 Quantizing CP^ 

5.2.1 The Symplectic Two-Form Over CP^ And Its 
Quantization 

A particular approach to quantizing coadjoint orbits was developed many 



years ago in |19[. According to that method, the Lagrangian giving fuzzy 
CP2 is 

L = iNTiYg{t)-^g{t), (5.15) 
^For M' = gMg-^ and N' = gNg^^ we have M'\JN' = g{M\JN)g-'^. 
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where g{t)ESU{3) and N is an arbitrary constant which is yet to be deter- 
mined . A point ^{t) e CP^ is related to g{t) by ^{t)iXi = g{t)Yg~^{t), while 
the symplectic form on CP^ is iNd TiYg~^dg = ~i NTiY [g~^dg A g^^dg]. 

Let us parametrize the group element g{t) by a set of eight real numbers 
9i , i = 1, ...,8 , and write g(t) = exp{i9i\i/2) . The conjugate momenta tTj 
associated with 6i are given by vTj = = iNTrVg^^^ . These equations 
are essentially providing a set of constraints and therefore one should rewrite 
them as vTj — iNTrY g{t)~^ ^ ^ . Now if we change the local parametriza- 
tion 6i — >/j(e) such that g{f{e)) = exp{iei\i/2)g{6) where /(O) = 6 . Then 
one can show that the new conjugate momenta Aj = —HjNji are given by 

A, ^ ^Tr[gYg-^\l (5.16) 

where we have used the very useful identity i^g{9) = Nji{6)-^ , with 

Nji{9) = ^^^|e=o- Here ~ denotes weak equality in the sense of Dirac. 

Using {7ii,7ij} = {9i,9j} = and {9i,Hj} = 6ij one can also prove the 
following identities 

{Ai,g} = i^g 
{KAj} = fijkAk, (5.17) 

In other words Aj are the generators of SU{3) transformations which act 
naturally on the left of g{t) . They generate symmetries of the Lagrangian 
( |5.15| ) as L does not change under the transformations g — >hg where h is 
any constant element in SU{3) . 

SU{3) can also act on the right of g{t) . The generators of this action can 
be given in terms of Aj by = —AiU-j'^\g) where U{g)^^'^'' is the adjoint 

representation of the element g of SU{3) defined by Uij'^\g)Xi = gXjg~^ ■ 
Similarly , these new generators Af satisfy the identities 

{Af,Af} = /,,,Af. (5.18) 



In terms of these right generators , the constraints (|5.16|) take the simpler 
form 

Af^-^5.8, (5.19) 
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These are primary constraints . As in the case of the sphere there are no 
secondary constraints since the Hamiltonian commutes with ( |5.16|) . 

From ( p.l8| ) , it is obvious that the constarints Af ^ ~^^«8 , for i = 
1, 2, 3, 8 are first class constraints , whereas for i = 4, 5, 6, 7 they are second 
class constraints^ . We can make a set of first class constraints , which is 
classically equivalent to all the constraints , by taking appropriate complex 
combinations of the above second class constraints , namely 

Us = Y^ = -^A^ ^ --N 

Ui = If ^ 
and 

= Af - ?Af ^ 
= Ai~ lA^ ^ 0, 

(5.20) 



for iV>0 . For iV<0 , the two above last equations are replaced with Af + 
iAf ^ and Af + iAf ^ . Now one can check that the Poisson brackets 
{Ilj, Ilj} vanish weakly on the surface 11^ ^ , for all i . 

These constraints can be realized on functions on SU{?>) . As all isospin 
singlets ( for example the s-quark or the VL~ ) have hypercharge in integral 
multiples of |, we find that iV G Z . With N fixed accordingly , the con- 
straints together mean that for right action , we have highest weight isospin 
singlet states of hypercharge —\N . 

An IRR of SU{?>) is labeled by (ni,n2) where G N . It comes from 
the symmetric product of rii 3's and n2 3's : A tensor T^l Yn\ ('^i;'^2) 
has Hi upper indices, n2 lower indices and is traceless, T-^jl'''j"l = . Within 
an IRR , the orthonormal basis can be written as \{ni,n2), I"^, l3,Y) where 
I^, I3 and Y are square of isospin , its third component and the hypercharge. 

Let g — > U^'^'^'"'^\g) define the representation (ni,n2) of SU{3). Then 
the functions given by {< (ni, rig), /^ /a, F|f/^"''"'n^)IK. ^2), 0, 0, -|iV >} 
fulfill the constraints . By the Peter- Weyl theorem, their linear span 

Edv3"y(K'^2),/',/3,l^|f/^"^'"^^(^?)|(^i,n2),0,0,-|iV) (5.21) 



4 



Indeed one can easily check that the Poisson brackets {Af , Aj*'} do weakly vanish on 



the surface Aj^ « —^Sjs , only for i = 1, 2, 3, 
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gives all the functions of interest . 

If iV = > , that requires that (ni,n2) = (A^, 0) . These are just the 
symmetric products of N 3's . If iV = — < , (ni,n2) = (0,A^) or we 
get the symmetric product of 3's . The representations that we get by 
quantizing the Lagrangian (|5.15|) are thus (A^, 0) or (0, A^) . 



5.2.2 Fuzzy CP^ As a "Fuzzy" Algebraic Variety 

The coordinate functions on CP^ , which are defined by = , were 
already shown to satisfy the algebraic relations 

T.d^JM = -Uk. (5.22) 

However , since points of CP^ are given by gYg^^ = J2i=iC,iXi , one can 
easily check that the coordinate functions C,i also satisfy 

j:i-=\- (5.23) 



Fuzzy CP^ is defined by two similar equations which will reduce to ( |5.22| ) 



and (|5.23|) in a certain limit . These equations are expected to be written in 



terms of , since under quantization the coordinate functions become 
the operators Af . The continuum limit is , on the other hand , given by 
A^ — yoo where (A^, 0), or (0,A^) , are the only possible representations we 
can get by quantizing the Lagrangian ( |5.15| ) . 

The symmetric representations (A^, 0) of SU (3) can be constructed using 
3 creation operators a^^ and their adjoints . We have 



t,j = 1,2,3. (5.24) 



For the representations (0, A^) , we need 3 more creation operators &| and 
their adjoints bi . We concentrate below on (A^, 0) , the treatment of (0, A^) 
being similar . 

The SU{3) generators are = aHaa, ta = |Aa . They fulfill 



if'^'A^. (5.25) 
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By using the definition dijk = 2 Tr(tj{tj, t^}) , let us compute dijk-^fA^ 
which should tend in the continuum limit to ( p.22|) . We then have 



'2[^{ti)ab{ti)mn][^{tj)ca{tj)qp {tkjbcO^anaq ttp. (5.26) 



Taking advantage of the Fierz identity 



'^{^a)ij (ta)kl — -^^il^jk — -^^ij^kh 



(5.27) 



to reduce the summations over the i and j indices , after a somewhat tedious 
but straigtforward computation , one gets 



'^{tk^ca 

1 1 



"'"tt '''tt ^tt ^ 1 '\ 

— CtuCtaO'c^b '^(^b^b^'c^a '^(^c^a^n^p H jO-c^b^'b^o, 
4 4 . 



2Ai 



k[^ -r ^atM- 



(5.28) 



Now the operators , dijkAfAj , act on the the Hilbert space 'H(Nfi) which 
corresponds to the representation (A^, 0) . This H(n,o) is spanned by vectors 
of the form 



I +"1 +"2 ins 

\ni,n2,ns> = a'l 02 03 |U >, rii + n2 + ris = JM 

a,\0 > = 0, i = 1,2,3, (5.29) 

and it is of dimension |(A^ + 1)(A^ + 2) . From this last definition one will 
clearly have 

J2alai\ni,n2,n3) = E '^d^i; ^2, '^s) = N\ni,n2,ns), (5.30) 

i i 

and hence we get 

E^.MfA,^ = A^[^ + f]. (5.31) 
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In the same way one computes the Casimir operator J2i ^i'-^f 5 which will 
reduce in the continuum limit to (|5.23| ) , as follows : 

i i 

i 

= OfcOfc + ^(a^aA:)^ (5.32) 
Hence on the Hilbert space H^Nfi) we obtain 

Y,AfAf = N+\N'. (5.33) 

i 

From ( p.22| ) , ( |5.23| ) , ( p.31| ) and ( |5.33| ) one can define the fuzzy coordinate 
functions to be given by 

= . ' (5.34) 



They satisfy the following identities 



'^ijk^.i — r^<.k r 3- 



1 1 -I- 

k 



u V ^ 

(5.35) 



F2 



and 



[e7 



1 

3' 



(5.36) 



(5.37) 



It is a remarkable fact that fulfill essentially ( p.22| ) and ( [5.23| ) ; for large 
enough equations ( ^.35|) and ( |5.36|) are very good approximations to equa- 
tions ( p.22| ) and ( |5.23| ) respectively . will reduce exactly to C,i , and there- 
fore will commute, at the limit — >oo . 

The algebra Acpz generated by ^ is what substitutes for the algebra 
of functions Acp^ = C°°(CP^) . By Burnside's theorem 



it is the full 



matrix algebra in the IRR . Fuzzy CP is just the algebra Acpa 
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5.2.3 The Fuzzy Algebra Acp2 

The following point , emphasised by [jl3[ is noteworthy . If / G v4cp2 , it has 
the partial-wave expansion 

fii) = E /7v3,y<(^i'^2),/',/3,>^|^^"^'"^H^)IK,^2), 0,0,0 >, 

ni=n2=n 

gYg-' = j^i^Xi. (5.38) 

i=l 

The ket |(ni, 722), 0, 0, > exists only if ni = n2 so that the sum in (|5.38|) 
is restricted to ni = n2 = n . From the above expression , it is obvious 
that < (nl,n2),/^/3,>"|f/^"^'"'^(^)|K,r^2),0,0,0 > , and therefore /(^ , is 
invariant under the U{2) right action on g , namely g — >-gh where hEU{2) . 

If F G Acp2 , then F too has an expansion like ( |5.38| ) where the series 
is cut-off a.t n = N . This is because of the following . The SU{3) Lie 
algebra su{3) has the two following actions on F , F ^ A^F = A^F and 
F ^ A^F = FA„ . The derivation F ^ adA^F = [A„,F] = (A^ - A^)F 
is the action which annihilates I and which corresponds to the sm(3) action 
on CP2 . 

Now since FGAcp2 transforms as (A^, 0) under the left action of s-u(3) , 
while under the right action it transforms as (0, A^) , Acp2 decomposes into 
the direct sum of the IRR {n,n),n = 0,...,N , namely : (A^, 0) ® (0, A^) = 
(Bn=o{n,n) . If {\{n,n), P, I3,Y >} furnishes a basis for {n,n) , then 



F = E«/V3,y|(^,o),/2,/3,r X (A^,o),/^/3,F| 



N 

ETpn rp{n,n) 

n=0 



(5.39) 



Identifying the expansion ( |5.39| ) with the one in ( p. 38] ) for n < N , we see 
that F transforms like a function on CP^ with a terminating partial wave 
expansion . 



A more precise statement is as follows |T3| . We can put a scalar product 
on AcF^ using the Haar measure on SU (3) and complete Acf^ into a Hilbert 
space 7icp2 • On Hcp^ , elements / of ^cp2 act as linear operators by point- 
wise multiplication . Let Ti^^? be the subspace of Hcf^ carrying the IRR 
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(A^, 0) and P(Nfi) '■ 'Hcp^ '^cp^ the corresponding projector . Then we 
have a map Acp^ P(Nfi) Acp^ P{Nfi) ; / ^ P{n,o) fP{N,o) which is onto 
Acp2 . Thus elements of Acpa approximate functions in a good sense. 



5.3 On the Spiiic Structure of Classical CP^ 

It is a standard result that CP^ does not admit a spin structure , but does 
admit a spiuc structure . We plan to explain this result here adapting an 
argument of Hawking and Pope ||3^ . 

The reasoning shows that CP^ for any even N>2 is not spin whereas it 
is spin if N is odd . 

The obstruction to the CP^ spin structure comes from noncontractibile 
two-spheres in CP^. Since CP2~5t/(3)/f/(2) we have 

7r2(Cp2) = 7ri[[/(2)]=Z 
and 

7ri(Cp2) = {0}, (5.40) 



so that Hurewitz's theorem leads to if^(CP^,Z) = Z . Its mod 2 
reduction is H\CP^, Z2) = Z2 . 

The absence of spin structure means that the tangent bundle is associated 
with the non-trivial element of Z2. 

Consider a smooth map g of the square {(s,it) : 0<s;it<l} into SU{3) 
which obeys the following conditions: 

gis,0) = giO,t)=gil,t) = l, 

g{s, 1) = e^^^(^3+V3A8)_ (541) 

[See Fig.l.] 
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g{s, 1) = exp{i'Ks{X3 + v^As)) 
(0,1) (1,1) 



g{0,t) = l 




{s,t) = (0,0) -^"^ (1,0) 

9{s,0) = 1 

Fig.l 

The curve g : (s, 1) — ^g{s, 1) is a loop in U{2) = {stability group of 
not contractible to identity while staying within U{2) . It is the generator of 
7ri(f/(2)) and is associated with nonabelian U{2) monopoles pil . But since 
7ri(5'f/(3)) = {0}, g can be defined smoothly in the entire square. 

Now U (2) being the stability group of is contained in the tangent space 
group S'0(4) at If x = (x^ : = 1, 2, 3, 4) is a tangent vector at , we 
can map it to a 2x2 matrix M{x) given by 

M{x) =Xi + iT-x, (5.42) 
where Xj are the Pauli matrices . The matrix M{x) satsify the reality property 

M(x)* = T2M{x)t2. (5.43) 

SO{A) = [SU{2)xSU{2)]/Z2 acts on M{x) according to 

M{x) — ^M(x)' = hiM{x)h\, (5.44) 

where hiESU{2) . This action preserves both the reality property and the 
determinant , in other words 

M(x)'* = T2M\x)t2 
and 



detM (x) 



detM{x) = J2 



X, 



(5.45) 



fi=0 



Hence the action ( |5.44| ) induces an 5*0(4) transformation on x . U{2) is 
imbedded in this S'0(4) , acting on M{x) as follows: M{x) — >M (x) = 
hiM{x)e-'^'^^. 

denotes here the "north pole" of CP^ , that is the point given by [1] = {heU{2)} 
or r . It has the coordinates (^? = 0,^^ = 0, = ^). 
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The spin group SU{2)xSU{2) = {{hi,h2)} is a two-fold cover of the 
rotation group S'0(4) . The inverse image of U{2) in SU{2)xSU{2) is 
SU{2)xU{l) , also a two-fold cover of U{2) . In this cover the loop 

g : {sA)-^g{s,l)eU{2) (5.46) 

becomes 

s — .(e^"'"^e^"'"«)G5f/(2)x[/(l). (5.47) 

It is no longer a loop , but runs from (1,1) to (—1,-1) . It is this that 



obstructs the spin structure , as the following reasoning encountered in ||39 
shows . 

Let SU{3) — >CP^-SU{3)/U{2) be the map 

8 

heSU{3) — >hYh-^ = (5.48) 

i=l 

U{2) here has generators Xi{i = 1,2,3) and As • This map clearly takes 
the entire boundary of the square {g{s,t)} to and the square itself to a 
2— sphere . 



IV 



II 




Q 



III 



Now the tangent space at of CP^ is spanned by the four SU{3) Lie 
algebra directions K~^,K^,K^,K~ (in a complex basis) . If we write CP^ 
as {hYh~^}, a basis of tangents (a frame) at is Xa{a = 4, 5, 6, 7) . Clearly 
g{s,t)Xag{s,t)~^ gives a frame at g{s,t)Yg{s,t)~^ of CP^. This gives us 
a rule for transporting this frame ( and hence any frame) smoothly over 
S^gCP^ along curves . 
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If {(s(t), ^(t)), 0<t<1} is a curve on the square , then 

g{s{T),t{T))Yg{s{T),t{T))-' (5.49) 

is the corresponding curve in of CP^ . The transport of the frame along 
the curve g{s{T),t{T))Yg{s{T),t{T))~^ is 

g{s{T),t{T))Xag{s{T),t{T))-\ (5.50) 

In this rule , for the three sides I , II , III (see Fig. 2) , we have the con- 
stant curve g{s,t)Yg{s,t)~^ = F in of CP^ , and we have the frame 
g{s, t)Xag{s, t)~^ = Xa- In other words for I , II and III we are at ^° with the 
frame held fixed and equal to . Along the side IV , however , we are still 
at Y or ^° but we are rotating according to 

exp{i7rs{X3 + VSAs)} Aa ea;p{-i7rs(A3 + a/SAs)}. (5.51) 

This is a 27r— rotation of the frame as s varies from to 1 . This can be 
seen from the fact that A3 + VSXg = 2Diag{l,0, —1) which will lead to 
exp[i7rs{X3 + x/SAg)] = Diag{exp{2iTis),l, exp{—2i7rs)) , and therefore the 
frame rotates from Aa back to Aa as s changes from to 1 . 

If spinors can be defined on CP^ , this transport of frames will consistently 
lead to their transport as well . Thus along sides I , II , III , we should be 
able to pick a suitable constant spinor ijj . But then , along IV , as s increases 
to 1 , we will arrive at Q with —ip as (—1,-1) of SU{2)xSU{2) flips the 
sign of a spinor . As we had ip along III , we lose continuity at Q and find 
that spinors do not exist for CP^ . 

It is possible to show that this conclusion is not sensitive to our choice of 
rule of transport of frames (that is , connection in the frame bundle) . 

The spiuc structure on CP^ is achieved by introducing an additional U{1) 
connection for spinors which amounts to adding a hypercharge of magnitude 
|y| = 1 . That would give an additional phase exp{iny/3Xss) along IV and 
an extra minus sign at s = 1 cancelling the above unwanted minus sign . 
Note that 1) this connection and extra hypercharge cancels out for frames 
which contain a spinor and a complex conjugate spinor , 2) there is no vector 
bundle with this extra connection as its existence gives a contradiction just 
as does the existence of the spin bundle . 

Let us see what all this means for SU{3) . Under U(2) , at ^° , the tangents 
transform as {K+,K^) and {K-,K'^) , that is as the IRR's (/, F) = (i, 1) 
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and (|, —1) respectively . From the way M(x) transforms under U{2) , 

M{x) — >M'{x) = hM{x)e-'^^\ heSU{2), (5.52) 

we can see that Y corresponds to acting on the right of M{x). 

The SU{2)xSU{2) IRR's of the non-existent spinors are as follows : 

1) Left-handed spinors : (1/2,0) with quantum numbers {I,Y) = (1/2,0) 
under the action of the two-fold cover SU{2)xU{l) of U{2) . 

2) Right-handed spinors : (0, 1/2) with quantum numbers {I,Y) = (0, 1) 
and (0, -1) . 

The quantum numbers in the spin^ case follows by adding an additional 
hypercharge which we can take to be —1 : 

1) Left-handed spin, : (/, F) = (1/2,-1). 

2) Right-handed spin, : (/, Y) = (0, 0) and (0, -2) . 

These are precisely the U (2) quantum numbers of the representation space 
of tangent 7's which will be found in Section 5.5 . The SU{3) IRR's have 
to contain these U{2) IRR's . They are not symmetric between left- and 
right-handed spinors. 

The spin, structures are not unique . Thus we have the freedom to add 
additional hypercharge 2n (nEZ) to the spin, spinors , that is , tensor the 
spin, bundle with any U{1) bundle . The choice of spin, in our text is natural 
for our Dirac operator . 



5.3.1 On General CP^ 

CP^ for all odd N admits a spin structure whereas those for even admit 
only a spin, structure |0 . We can understand this result too by pursuing 
the preceding arguments . 

Let = ^ diag (1, 1, ...1, -N) be the SU{N + 1) "hypercharge". 

The previous Y is Y^^l We can represent CP as 

CP^ = SU{N + l)/U{N) = {hY'^^+^^h-^ : heSU{N + 1)}, (5.53) 

the stability group is 

U{N) = {ueSU{N + 1) : = (5.54) 

For all N>1 , the square of Fig.l and Fig.2 and the map 

g : {s,t)-^g{s,t)eSU{N + l) (5.55) 
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can be constructed so that it is constant on sides I , II and III while 



is A) 



(5.56) 



gives a generator of 7ii{U{N)) . There is an obstruction to spin structure if 
this loop when it acts on a frame at F rotates it by 2% , in other words 
it acts as the noncontractible loop of S0(2N) . 

Let {qi,q2, ...,qN+i) be the "quarks" of SU{N + 1) . The hypercharge 
y(^) of SU{N) acts as the generator F(^) = ^(1, 1, .., -(iV - 1), 0) on these 
quarks . We can choose the loop g : (s, 1) — >g{s, 1) according to 





1 







1 



. . 

. . 





1 

—i2irs 












(5.57) 



The tangent vectors at transform like and q^^^^^ q^^\l<i<N) . 

So under g{s, 1), 



^-«^(iv+i) 
qiN+i)q{i) 



gi4.s-(i)^(iV+l)^, 



N 



^^-■^q(^+^)q(^)^t<N-l 



'q 



g-i4u.^(iV+l)^(i)^ • 



N. 



(5.58) 



Each i , i<N — 1 , gives a plane in 2N dimensions and each factor e*^'^* gives 
a 27r— rotation . For i = N , we have a Att— rotation corresponding to e*^'^* . 
Thus we have a total product of (A^ — 1) + 2 = {N + 1) 27r— rotations . For 
N odd , they are contractible in S0{2N) , and for A*" even , they are not , 
showing the result we were after . 



5.4 The Dirac Operator On Revisited : 
Towards Fuzzy Spinors 

This section is a warm up for what follows on CP^ next . It contains a 
partial-wave analysis for the eigenstates of the Dirac operator 'D2g which 
can be generalised to CP^ . 
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In this section , we will essentially construct all the spinors describing a 
Dirac particle on S|, . The answer found in this section for the continuum 

will be simply cut-off at the top value j = 2/ — | to get the answer for the 
fuzzy . This last step will be done explicitly in section 6 of this chapter. 
Given these fuzzy spinors , the projective A— bimodule H2 = A(8)C^ is 
completely determined . The action of the Dirac operator on this H2 will be 
also defined . 

Let us first recall the following results 

T^2g — -O'i'PijJ^j, 

Li = -%{xKV)i. (5.59) 

V projects the Pauli matrices cTj to their tangent space components a{Pij . 
Li and Ji are orbital and total angular momenta respectively . x are the 
coordinate functions : 

The algebra A = C°^(R^)/X of smooth complex valued functions on 
defined in section (3.1.1) is C°°(S^) . Any element / of ^ will then have the 
partial wave expansion 

/(^) = Y.fks<kh\D^'\9)\kO> 

kkz 

pgc^sQ^^ = x.a, (5.60) 

where D^^) : g — >D^''\g) is the k IRR of SU{2) . 

f{x) is clearly a function over the sphere . This can be seen from the 
fact that when g — ^gexp{iaz9 /2) , then D'^^\g) — >D^^\g)exp{iJ^'^^ 9) where 
J^^^ is the third component of the angular momentum J^^^ . Hence one sees 
immediately that < kk2,\D^^\g)\kQ > is ivariant under the right C/(l) action 
on g and therefore it is a function of [g exp{ia-i9 /2)]eS^ . 

The action of Li on these functions / is defined by 

Lii< kk3\D^''\g)\kO >) = - < kks\jl''^D^''\g)\kO > . (5.61) 

T>2g acts on A<SiC'^=A^ — {(01,02) : aieC°^(S^)} and it anticommutes 
with the chirality operator ^ — a - h . The action of cr • n on is defined 

by 

[(7 • nL>W](^) = (7 • n{g)D^^\g), (5.62) 
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where ni{g) is a function on SU{2) defined as follows. For any g&SU{2) we 
have : 

9(^39'^ = cr ■ n{g). (5.63) 
Using the fact that D^'^\g) = g one can now rewrite ( [5. 621 ) as 

= ga,g-^D^'\g) 

= D^^\g)a,D^^^-\g)D'^'\g) 
= [D(5)a3D(5)-i/}(fe)](^) 



a.n 



L)(|)a3D(^)-\ (5.64) 



Now by taking the standard basis {|+ >, |— >} defined by the equations 
(Tsli >= ±|± > , one have the following identity 

(T.nD(5)|± >= L)(|)a3|± >= ±D(5)|± > . (5.65) 

In other words Z}(3)|+ > and D^^\ — > are the eigenfunctions of 7 with +1 
and —1 helicity respectively . These spinors can be rewritten as 

>=(<_|Z^(|)|±> j (5.66) 
{-) 

From their definition , the spinors lip^ > are functions on SU{2) . For 

(-) 

g^SU{2) , the function [g] > is defined by 



where < m|D'-2)((7)|± >= gm,± ■ This function has the obvious equivariance 
property 

\tlj^j\ge''^') >= |^1^^((7) > e^'i (5.68) 



Unlike (|5.68|) , elements of and hence too its chirality ±1 subspaces 
i±(T.n j^2 g^j^g invariant under g — > ge'^"^^ . This is because they are functions 
on and not on SU (2) . 
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The expansion of elements of these subspaces using the above D's must 
thus have another D in each term transforming with the opposite phase to 
that in ( |5.68| ). Accounting for this fact, we can write for , 



(5.69) 



\ip~^ > and \ip~ > belong to the subspaces ^^f^J\? and ^—^^Ji? respectively 
and hence they represent left handed spinors and right handed spinors on 
the sphere . \ip^^ > in equation ( |5.69D is , on the other hand , defined by 



(5.70) 



j here are the eigenvalues of the total angular momentum J7 defined in equa- 
tion (|5.59|) . It is half integer equal to / + | or / — ^ and therefore the states 
I J, > do always exist . / are of course the eigenvalues of the orbital angular 
momentum C . It is now not difficult to see that under the transformation 

g — >gexp{ia-i6 12) we have 



D^^\ge' 
D^'\gy 



1 



(5.71) 



From ( p.68| ) and ( |5.71| ) it is then obvious that ( p. 69] ) are invariant under 

g ge'"''^. 

Now orbital angular momentum £j is not defined on the individual factors 
in ( |5.69| ) . We must lift £j to the operator /Cf which acts on D^^^ and D^^a) 
in such a manner that the spinors ( ^.671) are rotationally invariant . /Cf can 
then be defined to be SU{2) generators acting by left translation: 



< lie 



D(^)(e-'^'^^)|j > 



We now reinterpret jTi as 



J^ 



(5.72) 
(5.73) 
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Because of the transformation rule ( |5.72| ) we have for infinitesimal transfor- 
mations , 



{l + te,ICf)DLll]{g) = <n\D^^{l-tei^)g 



\m >, 



(5.74) 



and therefore 



< n\g\m > —iOi < n\—g\m > 



(5.75) 



But because [Dnm]{g) =< n\g\m > one gets 



-[}C^Dlll]ig) 







< n\—g\m >- 



2 



^L^(l/2) ^^(i) 



or 



= iJ.D^'/'\. 
From (|5.66|) and ( p.76| ) we get 

>= 0, 



(5.76) 



(5.77) 



in other words the eigenf unctions of the chirality operator 7 are rotationally 
invariant . 



The action of the Dirac operator on the spinors ( 5.69 ) will now be com- 
puted. First one has 



P ^ 
1 



p ^ 



= -CfaPah 
P 

p + 2 L 



1 r 
P 



(5.78) 
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where we have used the identity ( p.77| ) , to go from the third hne to the last 
hne. 

Further simphfication can be achieved by using the following identity: 



ex. 



which can be proven as follows . From one hand we have 

11 11 
[-a.n,[-a.h,ak]] = {^n,){-nj)[ai,[aj, ak]] 



(5.79) 



(5.80) 



On the other hand one has 



(5.81) 



Now from the basic definition of the adjoint action , gcxjg^^ = Rij{g)ai , we 
have g~^(Jjg = Rij{g~^)ai = Rji{g)ai , where we have used the fact that R is 
a real orthogonal representation , i.e R{g~^) = R^{g) ■ The result can also 
be written as 

D'^^^-^ajD^^^ = aiD^^l (5.82) 
Putting ( ^.82|) in ( |5.81|) and comparing to (|5.80|) one obtains the identity 

Using the identity (|5.79|) in equation ( ^.7^ ) we get 



29 



iJ) 



i|/C« < jmlvf >| r>(*>|^, |^,aJl|± > 



lu^3 rO"3 



(5.83) 
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In the last line of the above equation we have used the fact that /C^ = 
—D[^JiC{^ are the right SU{2) generators acting by right translation , i.e 

= <i\ge'^^^\j > . (5.84) 



The proof goes as follows . From equation ( p.72| ) we have the identity 
(-) 

[exp{iealC^)DlJ']{g) =< i\exp{-i^aa)g\j >=< i\gg-^exp{-i^aa)g\j > . 
But we can check that g~^exp{—i^(^a)g = ^xp{—i^g^^aag) and hence we 

obtain [e'''^'''^^ D\f]{g) =< i\gexp{i^ab)\j >= [e'-^>'^b Dlf]{g) , where we 
have used g~^aag = Rab{g)o'b and with 9a = —9bRba{,g) ■ We then get 
-Rba{9)J^a = and therefore /C^ = -RM^^i or /Cf = -O'i^lCl 
Now by using the identity 

/Cf<jm|^J)> = /Cf <jm|D(^)|j,Tl> 

= <jm|Z}(^)j-p)|j,T^>, (5.85) 

we finally find that 

I?2, < > |# >= < jm\D^^^\jm >< jm^i^'^lj, > [/^(^)[^, aj]|± > 

^ rn 

(5.86) 

Now we are ready to find the action of the Dirac operator D^g on the full 
spinor ( ^.69| ) . First one can easily find 



^ j,m,m' ,a 

(5.87) 



Next we obtain after some standard calculations 

= E < MD'-'^ljm' X jm'\ji'^\j,-l > D'^^^^l- > 

p . I ^ 

- - E err^ <jm\D^^^\jm ><jm\j['^\j,+l>D^^^^\+> 
P ■ I ^ 

j,rn,m 



(5.88) 



140 



In evaluating the sum over the a index , we used the following identities 

[^,crj] = (Ta , a = 1,2 , cr±|=F >= 2|± > and cr-t|± >= . Of course 

a± = a^±io2 and J^'^ = j['^±ij^'^ . 

Finally by using the fact that J^^ are off-diagonal in each subspace with 
fixed i , we find 



V2g\tp > 



P j,m 



(i)i 



1 



3,rn 



(5.89) 



which can also be written in the "Dirac-Kahler" form [13 



E 







<J.-\\J^^\3.+\> 




<3.\\j'A3.-\> 



D-K 



X 



(5.90) 



(-) (-) 

where now the spinors are written in the basis {\ip+ >, >} , namely 



(5.91) 



5.5 The Dirac Operator on CP' 



CP^ is not spin , but spiuc [113], p9|. This fact introduces serious differences 
between the CP^ Dirac operator and the Dirac operator for a spin manifold 
such as CP^ discussed last . The CP^ Dirac operator and its fuzzy version 



have been treated in [13[. Here we develop an alternative approach which 
seems capable of generalisation to other coset spaces . We will first summa- 
rize just some points relevant for us. The next section will give their fuzzy 
versions. 
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5.5.1 The Projective Module For Tangent Bundle and 
its Complex Structure 

The generators Ad Aj of the adjoint representation Ad : g ^ Adg oi SU{3) = 
{g} have matrix elements 

{Ad\i)jk = -2if^jk, (5.92) 

where fijk is totally antisymmetric , and such that 

[AdXi,AdXj]^2ifijkAdXk. (5.93) 

As hypercharge commutes with itself and with the isospin generators , it 
follows that fsij = if i or J = 1, 2, 3, 8 . Thus the tangent vectors to 
CP^ at = (0, ...,0, ^) , or equivalently at F = YliCiXi , are AdXi where 
i = 4, 5, 6, 7 . The directions AdXj , j = 1, 2, 3, 8 , are normals . 

At any other point J2iCi^i = 5'^fl'~^£CP^ , the normals accordingly are 
Ad g{Ad Xs) Ad g-^ = Ei^f^AdXi and Ad g{Ad Xj) Ad g-^ = Ei^^^AdXi , 
j — 1,2,3 . The hypercharge normal Adg{AdXs)Adg~^ still commute with 
the isospin normals Adg{AdXj)Adg~^ , j = 1,2,3 . In other words wc have 
the following identity [Adg{AdXj)Adg~^ , Adg{AdXs)Adg~^] = 2ifjskAdg{AdXk)Adg~^ = 

which leads to Ui^'^^kk^ = . 

The four orthogonal directions AdgAdXiAdg~^ , for i = 4, 5, 6, 7 , in the 
trace norm span the tangent space . 

Since {AdXs)ij — —2ifsij , we can represent AdY — -^AdXg by an 8x8 
block diagonal matrix of the form AdY = (0, (T2, o"2) . The zero is a 4x4 
matrix in which the indices i and j take the values 1, 2, 3, 8 . (T2 is , on the 
other hand , the usual 2x2 Pauli matrix . In the first a2 the indices i and j 
are in {4, 5} whereas in the second (J2 they are in {6, 7} . It is then obvious 
that the eigenvalues of AdY are and ±1 . 

Since ~ ^ ^iAdXi for a generic point ^ of CP^ will also have the 
eigenvalues and ±1 corresponding to the mesons {K~^, K^) , {K~, K'^) , rf 
and TT in the flavor octet terminology . 

If x^"*""* is an eigenvector for eigenvalue +1 , {^iAdXi)x^^'' = X*'^'' • Then 
d'^xl;"^ = ^i^\^^AdX.)kJX^f = '2^fk^/^k^xl''^ " ^ut siuce 6 = and 
fiki^i^''^^'' = we have ^k\^k~^ = . In other words x^"*"^ is a tangent to 
CP^ at ^ . So if x^"-* is the eigenvector for eigenvalue —1 , x^^^ span the 
tangent space T^CP^ . In the other hand , the null space of ^iAdXi spans 
the space of normals . 
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We can now present sections of the tangent bundle TCP^ as a projective 
module . Let Aqp2 = Acp^'S'C^ — {{Ci, ■■■iCs)} , where are as usual 
defined by = . Then 

V = iiittdXif (5.94) 

is a projector and VAl^p2 is seen to consist of the sections of tangent bundle 
from the above remarks . 

The complex structure on CP^ can be thought of as a splitting of the 
tangent space T^CP^ as the direct sum T^+^CP^ + T^'^CP^ for all ^gCP^ 
in a smooth manner . The tensor of complex analysis at ^ is then ±i on 
Xf ^CP2 . 

In the language of projective modules , we must thus split V as the sum 
of two orthogonal projectors . The tensor J is ±i on p(='=)^^ , that is , 
J = i(ri+) - . Hence also JV = VJ = J . 

S'f/(3)— covariance suggests the choice of P*^^^^Qp2 as eigenspaces of 
^iAdXi for eigenvalues ±1 . Hence 

T'W = ]^i,Ad\{i,Ad\±l). (5.95) 

As AdXa is antisymmetric , we have that 

Prom J , we can also write the Levi-Civita symbol in an 5'C/(3)— covariant 
way . It is 

^ai3'yS = >J[ai3>J'y5], [ ] '■ autisymmetrisatiou. (5.97) 
5.5.2 The Gamma Matrices 

Since CP^ is a submanifold of , it is natural to start from the Clifford 
algebra on . Let its basis be the 16x16 matrices Fj (i = 1,2, ...8) with 
the relations 

{r,,r,} = 25,,-, rl = r,. (5.98) 

The 7 matrices which will occur in the Dirac operator on CP^ are not these 
r's , rather they will be 16x16 7 matrices 7^ with the same relations 

{7„7,} = 25,,, 7|=7,. (5.99) 
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These 7's act by left multiplication on the algebra Matie — {M} of 16x16 
matrices which is generated by Fj . Thus we have 

-fiM = FiM. (5.100) 

The matrices M of MatiQ have a scalar product (M, A^) = Tr (M'^N) for 
which 7I = 7j . From these definitions , one can already see that spinors on 
CP^ will be constructed out of the F's , i.e they will be elements of Mat-i% . 

The CP^ 7's are the tangent projections ^{Pij . There are only four of 
them at each ^ which are linearly independent . We have to find a four- 
dimension subspace of Matig at each ^ on which they can act . If we fail in 
that , we will end up with more than one fermion . 

We first find this subspace at ^° . At ^° , define the fermionic creation- 
annihilation operators 

4 = ^(F4 + zF5),Ai = i(F4-zF5), 

4 = ]^{V^ + iV,),A^ = ]^{V^-iV,). (5.101) 

4 transform as {K'^,K^) whereas Ai transform as {K~,K^) . They satisfy 
{At,Aj}^5ij . Let 

|0) = AiA2, |z) = 4|0) (^ = 1,2), |3) = 44|0). (5.102) 

They span a 4— dimensional subspace of MatiQ . 7^ (4<i<7) act irreducibly 
on this space . The creation operators are defined by 

1 1 

«i = 2 + ^75) , 4 = 2 (76 + ^77) , (5.103) 

while their adjoints define the annihilation operators . |0) is the vacuum 
state of these creation-annihilation operators . 

For an appropriate subspace at other points of CP^ , we use the fact that 
SU{Z) acts transitively on CP^ . Thus we can regard ^eCP^ as a function 
on SU{3) with value ^{g) at g via the relation gYg~^ — J^iKdig) ■ Then 
^° = ^(e), e = identity . 

Now the Lie algebra of SU (3) can be realised using the Clifford algebra 
7i , the generators being 

ti = -rfijk^nk- (5.104) 
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These are indeed the generators of SU{3) as one can check by directly 
computing their commutation relations , [t ■ , t^] = j^fi^^ufjaf3[lfi1u,7alf3] ■ 
By using the identities [AB, CD] = A{B, C}D - C{D, A}B + CA{D, B} - 
{A,C}BD and (|;99D one can find [fr^fj] = -^[^,,a/fta + Uafj^^a] • 
Finally by invoking the Jacobi's identities fkpifiji + fipifku + fipifjki = we 
get the resuh [fr, fj] = ifijktl • 

The 7i transform as the adjoint representation 8 under the action by 
derivation 7^— >[tj,7;i] of SU{3) , as one can check that 

= iAdti)k^-fk, (5.105) 

where in the second line we have used the identity [Ai?,C] = A{B,C} — 
{A, C}B while in the last line we used equation ( [5 .921 ) . The 16— dimensional 
representation space of can , however , be split into 8©8 using the projec- 
tors P± = 1^ , Tg = T,T2...Ts . 

Let T{g) be the image of g in the SU{3) representation given by (|5.105|) . 
T{g) can act on MatiQ by conjugation according to 

AdT{g)M = T{g)MT-\g). (5.106) 

Adti are the infinitesimal generators for the action AdT{g) of SU{3) . 

The 4— dimensional vector space at g = e and its basis can be labelled as 
V{e) and e), z/ = 0, 1, 2, 3 : \i^;e) = |z/)} . The vector space and its basis 
at g are then 

V{g) = AdT{g)V{e)=T{g)V{e)T-\g), 

\u;g) = AdT{g)\u;e)=T{g)\u-e)T-\g). (5.107) 

It is on this vector space that '~iiPij{^{g)) act by left-multiplication . 

On the vector space V{e) , the U{2) subgroup of SU{3) acts by conju- 
gation . From the particle physics interpretation of Af , we see that V{e) 
decomposes into the direct sum 

(/ = 0, r = -2)©(/ = \,y = -i)©(^ = 0, y = 0). (5.108) 

(0, —2) corresponds to the vacuum |0; e > , (|, —1) corresponds to the doublet 
{|i;e >,^ = 1,2} while (0,0) corresponds to |3;e > . As we have already 
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shown in section (5.3) , (/ = = —1) is the left-handed spinor (|,0) on 
CP^ whereas [I = 0,Y = —2) and {I = 0,Y = 0) correspond to the right 
handed spinor (0, ^) on CP 



2 



The result (|5.108|) can be shown as follows . From equation ( ^.lOSj ) 



one can compute [Y^, a'l] = aj' and [F"^, Oj] = — , where Y'^ is the hy- 
percharge operator in the representation ( |5.104| ) , i.e Y'^ = -^tg . Then 

one can easily prove that [Y'^, 0102] = —2aia2 , [Y'^, afaia2] = —afaia2 and 
\Y'^, aia2aia2\ = from which the hypercharge content of ( ^.108| ) follows 
trivially . 

The isospin content of (|5.108|) can be computed in a similar fashion . 
First one obtains the commutation relations [tj^,*!!"] = \ai , [^3,01] = —\ai , 
[^3, 03"] = — ^iid m, 02] = |a2 . Then we compute the results [^3, 0102] = 
[t'^,afa2aia2] = 0, [t'^,aiaia2] = |ai"aia2 and [tg, a2'aia2] = —\a2a1a2 with 
which the proof of ( ^.108| ) is completed . 



5.5.2.1 A Brief Review Of SU{'i) Representation Theory 

Before we go back to the Hilbert space V{g) and describe its S'[/(3) 
representation content , we would like to give first some general remarks 
concerning SU{'i) representation theroy which will be very useful . These 
remarks will also be used extensively in the study of both the Dirac operator 
in section (5.5.3) and the wave functions in section (5.5.4) . The references 
for this section are in . 
On the embedding of SU{?>) into ^0(8) 

50(8) admits two inequivalent 8— dimensional spinor representations , 
the spinor representation 8^ and the conjugate representation 8^. In 8 di- 
mensions , the Dirac spinor is 16— dimensional , 16 = 8^ + 8^; , corresponding 
to the fact that the only IRR's of the 8— dimensional Clifford algebra (|5.99|) 
are 16— dimensionals. Each one of the spinor representions 8^ and 8^ defines 
a Weyl Spinor in 8 dimensions. 

SU{2>) can be embedded into 5*0(8) in two different ways . In the regular 
embedding , S'f/(3) is embedded first into SU{A) , then SU{4) is embedded 
into 5*0(8) . In this case , the 5f/(3) content of 8^, , 8^ and 8^ are 

[1 + 3 + 1 + 3]sc/(3) C [4 + l]su{A) C 8, 
[1 + 1 + 3 + l]sum C [1 + 1 + Q]su(A) C 8, 
[1 + 3 + 1 + 3]st/(3) C [4 + 4]sc/(4)C8,. 

(5.109) 
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In ( |5.109 ) , 8 J, is the vector- like 8— dimensional representation of 5*0 (8) 
In the special embedding of SU{3) into 5*0(8) , one simply have 



\SU{3) C 8„ 
]su{3) C 8^ 
]s;7(3) C 8^. 



(5.110) 



The generators ( |5.104| ) of SU (3) define exactly this special emebdding since 
their 16— dimensional representation space was shown to decompose into the 
direct sum of two 8's , i.e 16 = 8, + " 



The SU{3) representation content of the algebra MatiQ 

The 8— dimensional Clifford algebra , (|5.99|) , provides for us a basis for 
the algebra Matie of all 16x16 matrices . This basis consists of the matrices 

^ y {.Ih} y {.1hi2 2^^*i^*2 7i27ji)}) {7iii2«3}' {t*!---*?}' 7i — 78- 

(5.111) 

Each matrix 7ii..j„ , for 2<ri<8 and with 7ji...jg = 79 , is completely anti- 
symmetric in the indices ii...in ■ For a fixed n there are ^k^qL^y independent 
7 matrices . In other words the 16x16 = 256— dimensional matrix algebra 
MatiQ decomposes under SO (8) as 

(8, + 8j + (8,©8j = 1 + 8^ + 28 + 56 + 35 + 35 + 56 + 28 + 8^+1. (5.112) 

The two singlet representations correspond to the identity and to the 79 . 
The two vector representations correspond to {74} and • 28 , 56 , 

35 are , on the other hand , 28 = {7^^} , 56 = {7iij2i3} , 35 + 35 = {7n...i4} , 
56 = {7ii...i5} and 28 = ■ 

In terms of SU (3) representations we have the decompositions 

[i]sC/(3)Cl 

[8]sc/(3)C8^ 
[8 + 10 + 10]5c/(3)C28 
[27+10 + 10 + 8 + l]sf/(3)C56 
[27 + 8]5c/(3)C35. 

(5.113) 
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The first and second equations of ( |5.113| ) are obvious by construction . 



Tlie otlier equations , liowever , require more work to prove . To tliis end 
one borrows tlie following identities from Slansky , S^CSiS^ = i + 28 + 35^ , 
8,(g)8, = 1 + 28 + 35c and Ss^Sc = 8e®8, = 8^ + 56^. 

'j'j^jS are the generators of 5*0(8) which are obtained by taking the anti- 
symmetric product of two •y's , i.e two 8^, . But we know that [8x8]5[/(3) = 
[1 + 8 + 8+10 + 10 + 27]sc/(3) , and 8^®8^ = 1 + 28 + 35^ . From the 
fact that [8]5(7(3) C 8^ , one concludes that [8®8]s;7(3)C8^®8j, and therefore 
[8 + 10 + 10]5c/(3) C 28 . In the same way by comparing [(8 + 8) 0(8 + 8)] 5(7(3) = 
[4(27) +4(10 + 10) +4(8 + 8) +4(l)]5(/(3), with (|AT2|) and using the first three 



equations of (|TT|) we get the resuh [2(27) + 10 + 10 + 2(8) + 1] 5^/(3) C 56 + 35. 
Clearly the 56 can not contain both the [21]'su{3)^y one of the [21\'su{3)^ 
in 35. The two last equations of (|5.113|) then follow easily . 



States of the SU{3) representations (Ni,N2) 

A general representation of SU{3) is characterized by two integers A^i 
and A^2- A basis for the Hilbert space on which it acts can be given by the 
set , {\{Ni,N2)] (/,/3,F))} , where / , I3 and Y are the isospin , the third 
component of the isospin and the hypercharge quantum numbers respectively. 
The dimension of this representation is d{Ni, N2) = (^i+^)(^2+i)W+a^2+2) 



2 



Following Okubo's notes |Q , the basic states of the representation 
{Ni,N2) are the components of tI^I.'.'.'i^^^ \0 > . Each component is an eigen- 
state of I3 and Y . Since each of the indices /Xj , z/j can take only three values 
1,2 or 3, one can characterize tI^I'.'.'.'i^^^ by the number Nl of lower indices 
having the value i and the number N2 of upper indices having the value i 
. We have as identities A^i = J2i=i and N2 = ELi ^2 • It is not then 
difficult to find that 

ytZ:Z^ |o > = [^-{N, - N2) - {Nf - iv|)]T;^:;-^ |o > 

and 

i^:::;:^^> = \[nI - n] - nI + nI]t;i::;:^\q > . (5.114) 

Furthermore all the states with a given Nl and N2 have the isospin 

I =]^{Ni-Nl + N2-Nl). (5.115) 

From these two last equations one can write explicitly all the states of the 
representation {Ni,N2) .( ^.114| ) and (|5.115 ) will be used extensively next . 
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5.5.2.2 The SU{3) Representation Content Of The Hilbert Space 

Vig) 

To see the SU{3) representation content of \i^,g), let us first focus on \0;g). 
|0; e) = |0) is bilinear and antisymmetric in the 7's and has I = 0,Y = —2. 
It is antisymmetric in the 7's in the sense that |0 > can be written as |0 >= 
i(746 - ^756 - ^^747 - 757) where the 7^^ are defined by jij = |(7i7i - 7j7i) • 

The action T{g) preserves the number of 7's . Thus its 5*^7(3)— orbit 
is contained in the vector space spanned by the antisymmetric product of 
two 7's , that is , 7*-' . We have aheady shown in equation (|5.113| ) that 
this vector space transforms as [8 + 10 + 10]5f/(3) . Only the representation 
[10]s(/(3) contains an / = 0, F = — 2 vector , namely fl~ , thus |0: q)€lO = 
{Ni = 3, A^2 = 0) . The proof for this last statement goes as follows . From 
equations ([CTl and (|m5| ) we have F = i(iVi - N2) - {Nf - iV|) = -2 
and I = ^{Ni — Nf + N2 — N2) = which can be rewritten as Nf = 
fiVi + IN2 + 1 and Nl = ^Ni + |A^2 - 1 • Now by using the facts that 
Nf<Ni and iV| <Ai'2 which are true by construction , one can deduce that 
A^i - iV2<3 and A^i - A^2>3 , i.e Ni = N2 + 3 . In other words only the 
representations {Ni = N2 + 3, N2) do contain the vector Y = —2 , / = . 

A more explicit formula can be written. Let |(3,0); {I , l3,Y); e) be the 
basis of vectors, which are linear in jij and transforms as 10. We have: 
1(3,0); (0,0,-2);e) = |0;e). Then 

\0;g) = AdTig)\0;e)= li^^O)'^ ^ h,Y); e)Dfjf^^yy^^,^,^_,^{g) (5.116) 

I,h,Y 

where D^^.o) . ^_,^(3,o)(^) jg ^-^^ jj^j^ ^ ^^le basis is labelled 

by (/,/3,n . 

We can analyse the SU{3) content and write explicit formula for every 



W;g) m 



\r,e){i = 1,2) has 7j's and 7ijfc's since one can write |1 >= 02 + aia2ai 
and |2 >= — ai + 010202' • 7? transforms as an [8]5'{/(3) while 'jijk transforms 
as [27+ 10 + 10 + 8 + l]s;7(3) • We can take linear combination of 7^ and 'jijk 
to form two new [8]5(7(3)'s such that the [8]s(/(3) part of |i;e) is in a single 
[8]s!7(3)- Also \i;e) has / = = —1 and such a vector occurs only in 
[8]s';7(3), [lQ]5c/{3) and [27]s;7(3). Thus \i; g) {i = 1,2) transforms as the direct 
sum [8 + 10 + 21}sui3)- The proof proceeds as above , first we rewrite the 
equations Y = |(A^i - N2) - {Nf - A^|) = -1 and / = i(iVi - Nf + N2 - 
N2) = I in the form Ni — N2>0 and A^i — A^2^3 , where we have again used 



149 



Nf<Ni and A^|<Ai'2 . Therefore the only representations {Ni,N2) which 
do contain the vector I = ^ , Y = —1 are such that Ni — N2 = 0, 1,2,3. 
But Ni — N2 = 1,2 can also be shown to be not relevant because they 
lead to non-integer quantum numbers Nf and iV| , so we are only left with 
N^-N2 = 0,3. [8]su(3) = (iVi = l,iV2 = 1), Msuis) = (Ni = 3, N2 = 0) 
and [27]5'(/(3) = {Ni = 2, N2 = 2) do clearly satisfy this requirement . 

There remains |3;e) with I = Y = . It is a linear combination of a 
constant, , and jiju ■ This is obvious from the fact that one can write 
|3 >= —1 + a2a^ + aiaf + aia2afa2 ■ The constant part transforms as an 
5'[/(3)— singlet . ■jij was treated above , while ■yijki was shown to transform 
as [27 + 8] 5(7(3) . U{2) singlets with I = Y = are contained only in 
SU{3) singlet , [8]5[/(3) and [27]5[/(3) . One can actually show that all SU{3) 
representations {Ni,N2 = Ni) do contain the vector Y = , I = . \3] g) 
transforms therefore as [1 + 8 + 27]5(7(3) , the [8]s;7(3) being a mixture of the 
two [8]5f;(3)S from jij, 7^^-^ . 



For what follows, we also need formulas like (|5.116|) for \i; 
For \i] g), the formula is 



and 13; 



\t;g) = ^_ [cose|(l,l);(/,/3,y);e)Z}|;;;^^^^^^,_^^_^^(^ 



I,l3,Y 



+ sin^cos0|(3,O); (J, J3,F);e)D 



(3,0) 

(/,/3,Y),(i,(^, 



J9) 



+ sin e sin 01 (2, 2); (/, Y); e)Df^2,nC-,^,-i)^9) 



(5.117) 



where the angles 6 and reflect the mixture of 
in \i;g). 



\SUi3), 



S[/(3) 



and 



5(7(3) 



\3;g) = [cos^^' 1(0,0); (0,0, 0);e) 

+ sin6' cost; 



(l,l);(/,/3,F);e)Z)f;;;)^)_(o^o,o)(^?) 
+ sin^' sin0' 1(2, 2); (J, J3, Y); e)D^l^y^^^, , ,^{g) 



(5.118) 



For the precise values of the angles 9 , (p , 9' and 0' see [|3 
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5.5.3 The Dirac Operator 

We require of the CP^ Dirac operator Pcp^ that it is hnear in derivatives 
and anticommutes with the chirahty operator Fcpa : 

Tcpa = —^(^ijkaajikii- (5.119) 

At ^ = r = —74757677 and is +1 on |0; e) and |3; e), and —1 on |i; e){i = 
1,2). Hence F = +1 on \0;g), \3] g) and —1 on \r., g) for all g. The former 
have even chirality and the latter have odd chirality. 

Let us prove all of this . First one rewrites equation (|5.119|) in the form 



^ijkililjlkli = ^{JijiajY - QJijJjklilk ■ Next from (|5.95|) , we have J 
i(V^ — V~) = i^iAdXi, so that at the point = (0, 0, , we get J'ij = 
i(0, (72, o"2)ij where C72 is the usual second Pauli matrix^ . Hence Jijjjk\sp = 
-(0, l,l)ifc = -6ik , i , = 4, 5,6,7 , and Jij^ajl^o = 2(7475 + 7577) • In 
other words Fcpaj^o = —74757677 . The computation for the eigenvectors 
is much easier and goes as follows. Fcp2|5o|0;e >= -747576770102 = 0102, 
rcp2|go|3;e >= — 74757677Oi'fl2'|0) 6 >= a|i^a^|0;e > and Fcp2|^o|2;e >= 
— a^Fcpal^olO; e >= —af\0; e > . 

"jiVij anticommutes with F|cp2. This can be seen from equation ( p.94| ). 



where we have the identity V = —J"^ and therefore at = .^^ we get Vi^ — 
(0, 1, l)ij = bij, i , j = 4,5,6,7 . In other words {'jiVijl^o, Fcpal^o} = . By 
rotational invariance this last equation remains true at any other point on 

CP2 . 



The SU{3) generators 



Ji — ~\~ Adti 

with 

Ci = -^f^jkiJ^ (5.120) 
d^k 



commute with F , and hence 



Vcp2 = -fiVijJj (5.121) 



^Again in the notation Mij = {A,B,C)ij the i and j indices take the values 1,2,3,8 
for the first entry , 4, 5 for the second entry and 6, 7 for the third entry . In other words 
the matrix M is block diagonal in the whole space of the indices i and j. 
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anticommutes with Fcpa, 



{rcp2,Pcp4 = 0, (5.122) 



and is a good choice for the Dirac operator. The proof of ( |5.122| ) starts by 



noticing the following identity [Cm-, <Jjk\ = iJmifijk which can be rewritten in 
the following form [J^, Jjk\ = [C^m-, Jjk] + [Adtm, J]jk = . By using this last 
equation , it is easy to show that the chirality operator (|5.119|) is rotationally 
invariant , i.e [Jm,rcp2] = OQ Therefore {Tcp2,Vcp2} = {Tcp2,jiVijJj} = 
{Tcp2,'yiVij}Ji . However it was already shown that the tangent gammas , 
•jiVij , do anticommute with r^pa , and hence {FcpajX'cp^} = . 

T>cp2 acts on Acp^^MatiQ. But there are only four tangent gammas 
at each ^{g), so we have to reduce Acp'2<S)MatiQ to V{g) (in an appropriate 
sense) at each ^{g). We can achieve this reduction as follows. The functions 
^ are defined according to 

iig) = T{g)Y^T^\g) 

= jimg), (5.123) 

i=l 

where the notation means that T and T^^ are to be evaluated at g , and 
where = 2t'i . 

We know that U{2) is the stability group of since ^{gu) = C,{g) where 
ueU{2). Hence Acp2<S)MatiQ consists of sections of the trivial f/(2)— bundle 
over CP^. The same is the case for its left- and right- chiral projections 

i±r 

^± = -^Acp'2^MatiQ. (5.124) 

But that is not the case for \0; g) and \i]g). Under g-^gu, \0; g) transforms 
as an SU{2) singlet with Y = —2 and \i]g) transforms as an SU{2) doublet 
with hypercharge Y = —1. 

Let g denote the matrix of functions on SU{3) with gij{g) = gij,g G 
SU{3). {g is just a simplified notation for D^^''^^). We regard elements of 
Acp2®MatiQ as functions of g, invariant under the substitution g ^ gu. 
Accordingly, let us also introduce the vectors |a; ^f); a = 0, i, 3 which at g are 
the vectors \a;g{g)) = \a]g). Note that on a function / on SU{3), the left- 

^The tangent gammas , jiVij , are also rotationally invariant in this sense , in other 
words we have [Ji^jiVij] = [Ci^jiVij] + ji[Adti,'P]ij = 
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and right- actions of hESU{3) are f-^h^'^f where {h^f){g) = f{h ^g) and 
ih^f)i9) = fi9h). 

Now consider, in the case of |0, (7), the wave functions D^(jj^y){oo2)- They 
exist only if A^i = A^2 — 3. The combination 

E </;'^l),o,2)|0,^) (5.125) 

N,I,l3,Y 

is invariant under g^gu at each g and can form constituents of a basis for 
the expansion of functions in Acp'^^Mati^. 

The remaining elements of a basis can be found in the same manner, 
being 



V V — n^^'^+"^ n h\ 4- n^^'^+"^ 12 h\ 



1 

n=0,3 Af,/,/3,y 

E <S)(o,o.o)|3,^), (5.126) 

where 1 = (/ = i, = +i, F = -1) and 2 = {I = \,h = -\,Y = -1). 
It is almost obvious that ( p.l25| ) and ( [5. 1261 ) are invariant under the U{2) 



action on the right of gESU{?>) , i.e g — ^gu. We skip here the explicit check. 

There is a subtlety we encounter at this point. [We also came across 
it for 5*^]. "Orbital" 5't/(3) momentum £j does not act on the individual 
factors in (|5.125|) and ( ^.126|) , which are functions on S't/(3) and not just 
CP^. It is thus necessary to lift them to operators /Cf which act on g in 
such a manner that when ( ^.123| ) is used, ^ transform under 5'[/(3) in the 
way desired: ^^h^^. Thus /Cf are generators of SU{?>)l, the left-regular 
representation, and the Dirac equation is to be reinterpreted as 

where 

Ji = JCf + Adti. (5.127) 



Restricted to Acp^<^MatiQ, (|5.127|) is the same as (|5.121 



\a; g) is T{g)\a; e)T ^{g) so that \a; g) = T|a;e)T ^ . Now by using 
{h^T){g) =T{h-^g) , we have h^[T \a-e)T-\g) = [T\a;e > T~^]{h-^g) = 
T{h-^g)\a-e > T-\h-^g) = T{h-^)T{g)\a;e)T-\g)T{h). Next by using 
( |5.106| ) , this last equation can be put in the form h'^lT \a; e)T^^]{g) = 
AdT{h~^)[T{g)\a] e > T^^{g)] . For infinitesimal transformations = 
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1 + i9i]Cf and AdT{h ^) = 1 — iOiAdti we then obtain Ji[T|a; e > T ^]{g) = 
}Cf[T \a;e)T-^]{g) + Adti[T{g)\a;e)T-\g)] =0. We conclude that 

J,\a,g)=0. (5.128) 

The expression for V is in ( p.94| ). Using the commutation relations (|5.105|) , 
we can write the identity 

[t■L[t'JiJ,lk]] = \l^V.k. (5.129) 
On the other hand by using equation ( p.l23| ) one finds 

m, m,lk]]{g) = \T{g)[Y^, [Y^,T-\g)^,Tig)]]T"\g). (5.130) 

Acting on an arbitrary matrix M of MatiQ , equation (|5.130|) takes the form 
mAfjij^lkmM = \AdTig)[Y^,[Y^,T-\g)^kTig)]]AdT-\g)M , where 
we have used the definition AdT{g)M = T{g)MT~^{g) . Now by definition 
we have T{g)-fkT-'^{g) = {Adg)ikji so that T-fkT'^ = {Adg)ikji . Adg{g) = 
Adg represents g in the octet representation , it is real and orthogonal , i.e 
{Adg-^{g))ik = {Adg{g))ki ■ Hence 

[t-L [t-i,,7k]]{g) = \AdT{g)[Y^, [Y'^,^i]]AdT-\g){Adg{g))ki 

7.P.fc = {AdT[Y'',[Y'',^i]]AdT-'}{Adg)ki. (5.131) 

Since \a,g) = AdT\a;e), AdT~^\a; g) = \a;e). [Y'^ , [Y'^ , •ji]] consists only of 
tangent space j's at e. The action of {.} on \a;g) is thus 

AdT[Y', [Y'',^i]]AdT-'\a;g) = ArfT{[F^ [n7,]|a;e)}. (5.132) 



The action of T>cf^ on typical basis vectors like ( ^.125|) follows: 
T^cM E D[f-%Mo.2)\^-^ 9)) = E {Adgki}C'kDlfjJ^Y'')l^^^^^ 

N,I,h,Y N,I,l3,Y 

(5.133) 

The term in braces also has a considerable simplification. Since {h^f){g) = 
fih-^g) = figig'^h-^g)) = [{g~^h-^g)^f]ig), -Adg^lCj^ are the generators 
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/Cf for the SU{3) acting on the right of g, they have the standard commu- 
tation relations [/Cf , /C^] = —ifimn^n- We thus find that 

(5.134) 

The general wave function for even and odd chiralities can be written respec- 
tively as 

^fD^,\f;g> ; j' = (0,0,2), (0,0,0); t = {N,, N^) 

N2-N1 = 3 if j' = (0,0,2) and A^2 = if j' = (0,0,0), 

(5.135) 

and 

r^iX'l^";^); b' = (^,-^,l),(^,^,l); t = (m,N,), N,-m = 0,3. 

(5.136) 

Here j", b" are the state vectors for 7's pairing with j , b as in ( |5.125| ) and 
( |5.126| ). rjjj^EC and repeated indices are summed. 



Since jiVij anticommutes with Fcpa , we can represent the effect of T>cp2 
on wave functions in terms of the off-diagonal block 



acting on 



d 

d+ 



(5.137) 



(5.138) 



The result is the equation of [T^ for m = 0. Ref has also found the 
spectrum of T>cp2. 

The zero modes of I'cp^ can be easily worked out from ( ^.134| ). When 
j = (0,0,0), i can be (0,0) [but not otherwise], and in that case, D^"'") is 
a constant and is annihilated by /Cf . Hence the index of T>cp2 is 1 and the 
zero mode has even chirality . 
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5.5.4 Wave Functions as Projective Modules 

VcF^ acts on a subspace of Acp2'S)MatiQ . Here we find the projector for 
the appropriate subspaces of either chirahty . In Section 5.6 , after summa- 
rizing the coherent state formahsm, we study the discrete analogues of such 
subspaces. 

For CP^ let V{10, 0) denotes the vector space carrying the representation 
10 = {Ni = 3, A^2 = 0) of SU{3) which is appropriate to the vector \0; g) . 
J. = /Cf + Adt, act on Acp20V{lO, 0) . At ^ = ^° = (0, •-, 0, ^) , we want 

the subspace with -^J8|^=go = -^Adtg = ^AdY = —1 . [As the stability 
group U{2) of acts trivially on /(^°), f&Acp^, and the vector \0; g > has 
Y = —2 and I = I3 = in 10]. At a generic ^, we want the subspace with 

eJ^ = eAdu = -l . 

By using equations ( |5.114|) and (|5.115|) one can compute the hyperchrage 



and the isospin quantum numbers of the different states of the representation 
10 = (3, 0). They are found to be given by F = l-Nf+N^ and / = |-|iVf- 
|A^|. Nf and A*"! are the number of lower and upper indices respectively of 
the tensor T, defined in equation ( |5.114[ ) , which are having the value 3. It 
is not difficult to check that in 10 = (3, 0) we have A^| = = = Q 
and Nf = 3, 2, 1 or which correspond to the states {Y = —2, 1 = 0), 
(F = -1, / = I) , (F = 0, / = 1) and (F = 1,/ = |) respectively . We 
have then the following subspaces ^Vj = —1, — |, 0, +| . In particular , the 
subspace with ^*Jj = —1 is given by 

p(^=-2''=°Ucp2®l^(lQ;0) (5.139) 

where is the appropriate projector: 

^ iCAdU + I) iCAdU - 0) iCAdU - I) 

+ (-1-0) (-1-1) 

= ~{2CAdti + l){CAdU){2CAdti-l). (5.140) 

We can proceed in this manner to find the projectors for the remaining even 
chirality subspaces. Calling ^(1+8+27; 3) the vector space for |3; g), we have 
to find the projector for the U{2) singlet state at each ^. We have seen that /Cf 
does not contribute in the projectors, so let Adti now act on 1+8 + 27. Define 
Adtitj = [ti,tj], Iti = U. At {AdYfti = j{Adt8)Hi give the tangent 
space generators as {AdY)Hi = Viktk , more explicitly one can compute 
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{AdY)Hi = 6iktk,k = 4, 5,6, 7 . So [1 - {AdY)^ are the U{2) generators . 
One checks that {[1 - {AdYy]ti}^ is the SU{2) Casimir plus (tg)^- We want 
the null space of the operator {[1 — (AdY)'^] ti}^ at C,^. At ^, we want the null 
space of {[1 - 4(^M(itj)2]ti}2 , this is because Adtjf\^=^o = {AdYf. 
This last operator is therefore given by the formula 

B = {[i-A{eAdt,r]ur 

= + + (5.141) 

The spectrum of this operator B can be computed using the same method 
which was described above for \0;g> . The representation 8 = (1, 1) con- 
tains the following states {Y, I) = {-Nf + Nl, 1 - ^Nf - ^Nl) . But 
now Nf = 0, 1 and = 0, 1 and hence we have the following states 
(F, /) = (0, 1), (1, i), (-1, i), (0, 0) . Therefore the spectrum of 5 on 8 is 
given by 

SpecBs = {l(l + l),^(^ + l) + |o}. 

(5.142) 

In the same way the representation 27 = (2,2) can be found to contain the 
states (y, I) = {-Nf+Nl, . More explicitely we have (Y, /) = 

(0,2),(l,|),(2,l),(-l,|),(0,l),(l,|),(-2,l),(-l,i) and (0,0) since now 
Nf = 0, 1, 2 and N^ = 0, 1, 2 . Hence the spect rum of B is 

specB,, = {2(2 + 1), ^(^ + 1) + ^, 1(1 + 1) + 3, 1(1 + 1), 1(1 + l) + ^,0}. 

(5.143) 

On the representation 1 = (0, 0) , the operator B is identically . 
Hence the remaining F = 1 subspace is 

V^^=^'^=°^AcP^m{l + 8 + 27; 3), 

p(o,o)^p|o,o)^^|o,o)^ (5.144) 

^8°27'' being the projectors acting on the 8 and 27 parts: 
^(0,0) ^ [^-1(1 + 1)1 [i^-i(i+l)-|] 

- [0-1(1 + 1)] [o-i(i + i)-|] 
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[B - 2(2 + 1)] [i? - 1(1 + 1) - |] [i? - 1(1 + 1) - 3] 
[0-2(2 + 1)] [0-|(| + l)-|] [0-l(l + l)-3] 
[B-ljl + l)] [i?-l(l + l)-|] 
[0-1(1 + 1)] [0-i(i + l)-|] 

-^{B - Q){B - 1){B - 5){B - 2){B - ^). (5.145) 

In a similar manner, we can find the projector for F = — 1 too. It projects 
the / = 1/2, F = -1 states at each ^ from ^cp2®'^(8 + 10 + 27), the V factor 
denoting the space appropriate for \i,g){i = 1,2). Its explicit expression is 

The explicit expressions of the projectors Pg , v[q^'^^ and 7^27^'^'' can 
be easily found following the above method. We skip details here. 



and 



T?(0,0) 
'27 



5.6 Fuzzification 

Vcpi acts on a subspace of Acp'^^MatiQ. We can thus conceive of a fuzzy 
Dirac operator Dcpz which acts on a subspace of Acp2®Mati6, Acp2 being 
obtained from ^cp2 by restricting "orbital" SU{3) IRR's to (n, n), n<N. 
Dcp2 is then obtained from T>cp2 by projection to this subspace. T>cp2 
commutes only with the total SU{3) Casimir Jf and not with orbital SU{3) 
Casimir Cf. This causes edge effects distorting the spectrum of Dcp2 for 
those states having (n, n) near (A^, N) which Pcp2 mixes with [n ,n), n >N. 
This particular edge phenomenon does not occur for = CP^ where orbital 
angular momentum Cf commutes with the Dirac operator. A way to elim- 
inate such problems is suggested by the work of |], |^, ^: We introduce 
the cut-off not on the orbital Casimir, but on the total Casimir, retaining 
all states upto the cut-off. That seems the best strategy as it will give a 
fuzzy Dirac operator Dcp2 with a spectrum exactly that of the continuum 
operator X'cp2 upto the cut-off point, and which has chirality (chirality rcp2 
of T>Qp2 commutes with Jf) and no fermion doubling. This approach is the 
same as the method adopted for in |, 0, § . For S^, the edge effect 
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turned up as the absence of the —E eigenvalue subspace for the maximum 
total angular momentum when the cut-off is introduced in orbital angular 
momentum, and attendant problems with chirality. 

Dcp2 being just a restriction of T>cp2, we can continue to use ( |5.121| ) in 
calculation, just remembering the truncation of the spectrum. That means 
that the analysis in Section 5.5 can be used intact. In the final expressions 
like (|5.137|) and ( |5.138D , i labels the IRR and the Dirac operator acts in 
subspace with fixed i. So the cut-off can be introduced on i = {Ni, N2). 



5.6.1 Coherent States and Star Products : The Case 
of S^ ~ CPi 



These have been treated in ^ |T^. Here we summarize the main points 



so that we can outline the relation of wave functions like (|5.125|) and those 
based on matrices for fuzzy physics. 

Let us first consider = CP^ and its fuzzy versions. The algebra A is 
Mat2i+i- SU{2) acts on A on left and right with generators and —Lf, 
and orbital angular momentum is Ci = Lf — Lf. The spectrum of C? is 
K{K + 1), = 0, 1, .., 21. We can find a basis of matrices diagonal in 
and £3 (with eigenvalue M) and standard matrix elements for £j. A acts on 
a {21 + 1)— dimensional vector space with the familiar basis |Z,m). are 
orthogonal, K[K + 1) and M being eigenvalues of and £3: 

{Tu.T^i') ■■= TrT^^T^j, = constant x S^k'S^m'- (5.147) 

The above suggests that there is a way to regard A as "functions" on 
with angular momenta cut-off at 21. Such functions are also represented by 
the linear span of spherical harmonics Y^m, K<21. We want to clarify the 
relation of Y^ki^ to the matrices in A. 

Towards this end, let us introduce the coherent states 

\g) = U^\g)\l,l) (5.148) 

induced from the highest weight vector |/; /). g—*U^^\g) is the angular mo- 
mentum K IRR of SU{2). Note the identity 



ge'^') = e''\g). (5.149) 
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It is a theorem that the diagonal matrix elements {g\a\g) completely 
determine the operator a. Further {ge^^^\a\ge^^^) = {g\a\g) so that {g\a\g) 
depends only on 

3 

fi'<^3fi'~^ = ■ 2;, ^x^ = 1;xGS^. (5.150) 
In this way, we have the map 



i=l 



A^C°°(S2) 
a— >-a; 



where 



~a{x) = {g\a\g). (5.151) 



In this map, the image of is Y^m after a phase choice: 

Ykm{x) = {g\T^A9)- (5.152) 

For, under g—>-hg , x—>-R{h)x where h—>-R{h) is the SU{2) vector represen- 
tation. Under this transformation, since 

YKM{R{h)x)= f: D^''\h)^,^,,Y^^A^) (5.153) 
m'=-k 

and 

T^— >f/(^)(/.)-iT,5f/W(/.) = f: D(^\h),,,,T^^,, (5.154) 

m'=-k 

where h — ^D^^\h) is the angular momentum K IRR of SU{2) in a matrix 
representation, we have the proportionality of the two sides. ( |5.152D and 
phase conventions fix the constant of proportionality. 

The map — ^YxM is an isomorphism at the level of vector spaces. It can 
be extended to the noncommutative algebra A by defining a new product on 
YftTAf's, the star product. Thus consider {g\T^jT^\g) . The functions Ykm and 
Yln completely determine and T^, and for that reason also this matrix 
element. Hence it is the value of a function Ykm * Y^isf, linear in each factor, 
at x: 

{g\T^T^\g) = [Ykm * Yln^x). (5.155) 
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The product * here , the star product , extends by hnearity to all func- 
tions with angular momenta <2l. The resultant algebra is isomorphic to the 
algebra A. 

The explicit formula for * has been found by Presnajder ^ (see also 
I^). The image of Cia is just —i{xA'V)id. We will use the same symbol Ci 



to denote — i(xAV)i derivation. The * product is covariant under the SU{2) 
action in the sense that 

Ci{d*b) = {Cia)*b + a* (Cib). (5.156) 

It depends on / and approaches the commutative product of C°°(S^) as 
/ — >oo. Coherent states thus give an intuitive handle on the matrix rep- 
resentation of functions. 

But on S^, we also have monopole bundles. Sections of these bundles for 
Chern class n are spanned by the rotation matrices -D^^, J>|^|- They have 
the equivariance property 

Dl^nige'"^') = D^^Me^-'. (5.157) 

This last equation is essentially a generalization of equation (|5.71| ) , in other 
words one can identify -D^n with < j, m\il)^'' > where \^pl^'' >= D^j, n > [see 
equation (|5.70|) ]. 

How do we represent them by matrices? 

In the first instance, let n>0 and consider the coherent states (now with 
an additional label) 

\g;l + n) = U^'+''\g)\l + nj + n) 

I) = U^'\g)\l,l). (5.158) 



\9' 



They span vector spaces V/+„ and VJ. We can consider the linear operators 
HomiVi+nyVi) from Vi+„ to VJ. They are [2/ + l]x[2(/ + n) + 1] matrices 
in a basis of V/+„ and V/, and have U^^\g) acting on their left(with gener- 
ators Lf) and (^) acting on their right (with generators —Lf). We 
can decompose Hom{Vi^n, Vi) under the "orbital" angular momentum group 
f/{0(g,^('+«) (with generators Ci = Lf - Lf) into the direct sum ©|t^(ir) 
with the IRR K having the basis T^, with C^T^ = MT^. As before, we 
choose so that Ci follow standard phase conventions. are orthogonal 

TriT^j'YT^i = constant x 5;^'^Vm- (5.159) 
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Now consider 



{g-l\T^,\g-l + n). (5.160) 

It transforms in precisely the same manner as D^]^^{g) under g—>-hg and 
g-^ge^^^/"^ and hence after an overall normalisation, 

{g-l\T^,\g-l + n) = D^2{g). (5.161) 

Thus Hom{Vi+n, Vi) are fuzzy versions of sections of vector bundles for Chern 
class n>0. For n < 0, they are similarly Hom{Vi, Vi+\n\). This result is due 
to (see also f^, ||, ^ ||, |l3l). An explicit formulae for the fuzzy version of 



bT^a — >b *\w\ Ykm *\v\ « (5.162) 



rotation matrices can be found in |Q. 

It is interesting that Chern class has a clear meaning even in this matrix 
model: It is \V\ — \W\ for Hom{V, W), where \V\ and \W\ are dimensions of 
V and W. 

There are two (inequivalent) fuzzy algebras acting on HomiV, W). Mat\y\ ■ 
A\v\ acts on the right and Mat\w\ = A|vk| acts on the left, where now a sub- 
script has been introduced on A. These left and right actions have their own 
*'s, call them *\v\ and *\w\- if a^Ay, bEAw and d and b are the correspond- 
ing functions, then 

'""^^^ ^ ''-{Wl ^KM *\V\ 

under the map of Hom{V, W) to sections of bundles. There is also a fuzzy 
analogue for tensor products of bundles. Thus we can compose elements of 
Hom{V,W) and Hom{W,X) to get Hom{V,X) 

Hom{V, X) = Hom{V, W)(^A^y^^Hom{W, X). (5.163) 

Its elements are ST, SEHom{V,W), TEHom{W, X). Its Chern class is 
|V^| — If 5* and T are the representatives of 5* and T in terms of sections 
of bundles, then ST — >S * T. 

Tensor products ri®r2 of two vector spaces Fi and F2 over an alge- 
bra B are defined only if Fi(F2) is a right- (left-) i?-module [^. Hence 



Hom{V, W)^A^^^H(mi{W',X) is defined only iiW = W'. So S*T is rather 
different in its properties from the usual tensor product of bundle sections, 
in particular T * S makes no sense if 7^ X. 
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5.6.2 Fuzzy Dirac Spinors on 



F 



We can now comment on the fuzzy form of (|5.90|) . Elsewhere the Wata- 
muras 0, 10| and following them, us |11, 12], investigated the Dirac operator 



as acting on A®C^ = A^, A = Mat2i+i- That led to rather an elaborate 
formalism because of the cut-off in orbital angular momentum. So as indi- 
cated earlier, it seems more elegant to cut-off total angular momentum at 
some value jo- 

We can now argue such a cut-off leads to the formahsm of |Q, ^, ^ [7|, |] and 
to supersymmetry. Thus let T;^+G-ffom(V/+i/2, VJ) with the transformation 
property < g]l\Tl^\g]lAr\ > — >e'^<g,l\Ti+\g; I + ^ > under 51 — ^ge'l"^ , 
where we have used the definitions ( ^.1581) . One also has the transformation 
property 

U'^'\9)^Ti^U^^+-^\g) = Y.D^±>{9)Tl,^ (5.164) 

m 

[So j<2Z + 1/2 and jo = 2/ + 1/2]. Then one can make the identification 

dL+{9) = {9;1\TU\9:1 + \), (5.165) 

since from equation (|5.157| ) it is easy to see that Di^^^{g) — ^e^^ Din^{g) under 
g — >ge^^'^^ . 

The subscript + in indicates helicity — , i.e is the fuzzy version 
of < j,m\tlj^^ > of ( |5.70|) so that it will be associated with the negative 



helicity part of the wave function [see equation ( p.69| )] 



For hehcity +, but for same jo, we have to consider T^_GHom{Vi, V;+i/2), 
with 

U^'^'^\gVTi^U^^\g) = E^w(^)^™'-- (5-166) 

m 

Of course now , 

dL {9) =<9-J + \\TL- I >, (5.167) 

where both sides will acquire now a phase exp(— z|) under the right U{1) 
action, namely under g — ^gexp{ii^a3) . T^_ is then clearly the fuzzy version 

of < j, m\ijj''] > . 

This is the formalism of [|, |, |, 0, H) • As we have united V^^^ and \/('+V2) ^ 
it is natural to consider 0Sp{2, 1) or even 0Sp{2, 2) SUSY as discovered first 
by Grosse et al in the second paper of [§. 
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Because of the mixing of / and / + 1/2, we have to reconsider the ac- 
tion of the matrix algebra A approximating A = C°°(S^). Mat2«+i acts 
on T^_,_(T^_) on the left (right) while Mat2i+2 acts on T;^+(T4_) on the 
right (left). So it is best to regard fuzzy functions to act on left (say) of 
T^_^_ and right of T^_ as Mat2i+i. This suggestion is slightly different from 
that of 0, ^ 1^, 0, § where they regard the fuzzy algebra to be Mat2/+i on 
T^_^_ and Mat2/+2 on T^_, both acting on left. However, our proposal does 
not generalize to instanton (monopole) sectors. 

We can restore spin parts to fuzzy wave functions. The spin wave func- 

1 

tions for helicity ± are T^^± , where denotes the two components of the 
spinor . The positive chirality spinors are defined by 

< g; l\Tl+\g; I + ^ >= ^1+ =< ^, >, (5-168) 

while the negative chirality spinors are defined by 

<g;l+ ^\Ti.\g; I >= aI- =< ^, m.l^- ^ > • (5.169) 
So the two components of the total fuzzy wave functions for helicity ± are 
< ^,m,|^| >= [j2^tTi:,]Ti^, eeC,m, = +i, -1. (5.170) 



This is the fuzzy version of equation ( p.69| ). 

The Dirac operator is given by the truncated version of (|5.89|) : 



j,m " j,m 

j<2/ + l/2, (5.171) 
jf"'^ being the angular momentum j images of y. 

5.6.3 The Case of CP^ 

Coherent states for CP^ can be defined using highest weight states. For IRR 
(3,0), we can pick the highest weight state with I = Is = 0, Y = —2/3, 
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namely the c-quark: |0, 0, -2/3) = |0, 0, -2/3; (3, 0)). Then if g — ^U'^^'^^g) 
defines the IRR, \g; (3,0)) = U^^'°\g)\0,0, -2/3; (3,0)). For the IRR (A^,0), 
we can simply replace |0, 0, —2/3; (3, 0)) by its A^— fold tensor product 



|0,0,--;(3,0))®|0,0, 



and set 



|;(3,0))®...®|0,0,-^;(3,0)) 



2N 



|0,0, 



2N 



r, (iV,0)) = f/(^'°)(^7)|0,0,-— ;(iV,0)) 



(5.172) 
(5.173) 



For (0, A^), we can use the c-quark state \g; (0,3)) = f/(°'3)(^)|0, 0, +2/3; (0,3)) 
and its tensor product states. 

The development of ideas now keep following = CP^. Full details can 
be found in . 

General theory confirms that the maps a — m from matrices in the {N, 0) 
or (0, A^) IRR to functions on CP^, defined by 



or 



{iN,Oy,g\a\g; iN,0)) 



{{0,Ny,g\a\g;{0,N)). 



(5.174) 



are one-to-one so that a *— product on a's exists. In this map, the SU{3) 
generators Ci acting on d become the corresponding CP^ SU{3) operators 
~^fijktjS~- We shall use the same symbol Ci for these operators too. The 

orbital 5*^7(3) action is compatible with * in the sense that Ci{d * b) = 
(Cid) * b + d * (Cib). Irreducible tensor operators of SU{3) are well studied 
P6|| . With their help, fuzzy analogues of D— matrices can be constructed, as 
also sections of U{1) and U{2) bundles. 

The fuzzy CP^ Dirac operator is the cut-off version of ( 5.134 ). It can 
be put in a matrix form as in ( [5.137| ) and ( |5.138| ). We omit the details: the 
necessary group theory is already to be found in ||13| while the rest is routine. 



5.7 Fuzzy Scalar Fields 

Here we briefly indicate a certain fuzzy version of the free scalar fleld action. 
It is very natural and a generalization of fuzzy CP^ action proposed earlier 0, 
B 0) H) H; HOI • ^^i^^ certain less obvious actions based on cyclic cohomology 
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have been proposed |T^, 113, they have distinct topological advantages and 



correct continuum limits as well. 

The operators Ad Li = Lf — Lf correspond to the SU{3) generators for 
functions on CP^. A Laplacian for fuzzy CP^ is thus AdLl. A scalar field 
is a polynomial in the fuzzy coordinate functions ^j, so (j) is just a matrix 
in Ac;p2. The Euclidean action for cf) is 

S{(j)) = constant x Tr^cj)^ Ad L^cp)^ 
AdLi<p = (5.175) 

Let Xk be the eigenvalue of the continuum operator for the IRR {K, K) . Ref 
[]TB[ gives 

\k = 2K{K + 1) (5.176) 

If is the maximum K for the fuzzy space, then AdLf has the spectrum 
{Ao, Ai, ..Aat}, it is just the cut-off spectrum of the continuum Laplacian. 
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Chapter 6 
Conclusions 



As we have shown in this thesis , fuzzy physics has reached a certain level 
of maturity which makes it a very strong alternative to lattice physics . It 
is superior to lattice gauge theory in two fundamental aspects of physical 
phenomena , namely symmetry and topology . This claim is supported by 
the ease and sucess with which fuzzy physics and noncommutative geome- 
try incorporate nontrivial topological configurations of field theory such as 
monopoles and instantons . By using fuzzy physics together with the appro- 
priate tools from NCG one can also retain all symmetries and anomalies of 
the continuum theory such as the difficult chiral anomaly . Fermion doubling 
is elegantly avoided using a formalism which is less involved and mathemati- 
cally better founded than the formalism used in lattice gauge theory. Another 
advantage of fuzzy physics is its powerful structure which allows us to put 
the whole paradigm of discretization by quantization on a very solid mathe- 
matical ground . Everything one says is mathematically strictly precise. 
One thinks that the two following big questions remaining to be answered 

- At the level of the formalism one needs to go beyond coadjoint orbits . 

- At the level of physical applications one still has many open problems 
to be addressed for fuzzy spaces . 

Regarding the first question , one would fike to find a fuzzy version of and 
odd dimensional manifolds , and prove the existence of star product for such 

spaces. Having discrete versions of 4— dimensional spaces allows us to write 
the fuzzy standard model and therefore start doing actual computational 
physics. 
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On the second question above , one has yet to do the following 

1 Fuzzy Gauge Theories and Continuum Limit 

A precise and practical formulation of general gauge theories on fuzzy 
and fuzzy CP^ would be highly interesting . To this end the refor- 
mulation of fuzzy physics in a form closer to the continuum by using 
star products is needed . Building analogies with lattice gauge the- 
ory is also important. Such an analogy is given in chapter 4 where 
a Ginsparg- Wilson like set of identities for fuzzy is found with the 
lattice spacing a being identified with the fuzziness parameter + 

New effects will distinguish between noncommutative gauge theories 
and lattice gauge theories . Establishing continuum limit will be the 
guide for the correct fuzzy version of gauge theories . 

Once we have fuzzy gauge theories one can go and look for the differ- 
ent properties of such theories : confinement , asymptotic freedom , 
unitarity and causality , IR-UV mixing , chiral symmetry .. 

2 Local Chiral Anomaly 

The global form of the anomaly was found in chapter 4 of this thesis. 
The local form which was treated in |^ is extremly interesting from 
the physical point of view. The fuzzy sphere is acting here as our 
regulator. One strongly expects that the answer found has the structure 
of the commutative case plus corrections of the order of the fuzziness. 
Working out this problem explicitly will possibly shed new lights on the 
nature of chiral anomaly . Chiral anomaly on fuzzy CP^ is an open 
problem . 

3 Perturbative Dynamics of Fuzzy Field Theories 

The difference between fuzzy field theories and noncommutative field 
theories is the fact that in the former the noncommutativity parameter 
9 is equal to the cut-off A. In other words in fuzzy field theories there is 
no issue of the noncommutativity of the two limits 9 — >0 and A — >oo, 
since 9 = 1/1 and A = / . Therefore , if the UV-IR phenomenon persists 
in fuzzy field theories one can discard the above noncommutativity as 
a source of it . The problem might be easier in this context since we 
are dealing with finite-dimensional matrix models . A good starting 



point is the work |47, 48 
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